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The invention of bubble and spark chambers led to the discovery in the 1950s and 1960s
of a “zoo” of strongly interacting particles, or hadrons. Such large numbers made it
difficult to believe all of these particles were elementary bricks of matter. Gell-Man and
Ne’eman sorted them according to their mass and various quantum numbers: electric
charge, isospin and strangeness (the latter has been theorised in order to explain the
abnormally slow decay of kaons). This classification was called the eightfold way and
matched the representation theory of SU(3) [1]. Following this, Gell-Mann and Zweig
independently proposed in 1963 that all the hadrons were made up of three flavours
of particles called quarks, carrying fractional electric charges. A great success of the
eightfold way (and thus of the quark model) was the prediction of the existence, mass
and decay products of the Ω− that was observed in 1964 [2]. Hadrons are divided into
two mains groups: the mesons, made of a quark-antiquark pair, and the (anti)baryons,
made of three (anti)quarks. Let us note that since then, exotic bound states of quarks
have been observed, such as tetraquarks and pentaquarks. Struminsky (then a student
of Bogolyubov) was the first to suggest in a footnote that the existence of the Ω−, which
was made of three strange quarks with parallel spins and vanishing orbital angular
momentum, was violating Pauli’s exclusion principle unless an additional quantum
number was added to the quarks [3]. A similar situation was encountered with the ∆++.
In 1965, a new SU(3) quantum number (different from SU(3) flavour) was theorised for
the quarks in order to explain the existence these baryons by Greenberg on one side [4],
and Han and Nambu on the other side [5]. This new charge was later called colour as it
could take three forms, namely red, blue and green. Then a∆++ orΩ− containing a quark
of each colour was not violating Pauli’s principle. Greenberg, Han and Nambu also noted
that quarks could interact via the exchange of vector gauge bosons, named gluons, and
that hadrons and electromagnetism were colour-neutral.
2 Introduction
In the beginning, these subhadronic particles were only seen as mathematical
artefacts allowing to categorise hadrons according to their characteristics. This was a
consequence of the fact that no quark or gluon had ever been observed in isolation in
any experiment. There were two main ways to explain such an absence: the first was to
consider quarks and gluons to be genuine particles that could be localised and have a
definite momentum but were confined inside hadrons, while the second was to consider
them to not have proper existence as particles and that the strong interaction could not
be completely described by quantum field theory. In 1967, the Stanford Linear Accelera-
tor Center (SLAC) started measuring deeply inelastic scatterings: e +p → e +X . Although
large-angle deviations were not expected, they were observed in these reactions. Feyn-
man then came up with the parton model in order to explain hadronic collisions, and in
particular deeply inelastic scatterings. The interpretation of the reaction given by this
model was that the electron was elastically scattering with one pointlike, approximately
free, constituent of the proton via the exchange of a virtual photon, such that the inelastic
interaction of the electron with the proton is the incoherent sum of all the elastic scat-
terings between the electron and the constituents. These particles are called partons, are
approximated to be massless, and each carries a fraction x of the proton total momentum.
From this picture ensued the prediction of a property of the cross section known as
Bjorken scaling, where the structure functions that contain all the information about
the proton structure only depend on x, which was initially verified at SLAC. The partons
were then identified with the three constituent quarks of the proton. However, in order
to reproduce data well, it was necessary to add a sea of qq̄ pairs, as well as gluons inside
the hadron, in an overall colourless state. The three original quarks are then just valence
quarks and the content of the proton as seen by the probe electron varies with the
momentum transfer, violating Bjorken scaling. The experimental evidence that partons
were confined inside hadrons seemed inconsistent with the fact that the high-energy
electron in deeply inelastic scatterings could interact with what appeared to be a freely
moving parton.
In 1973 Gell-Mann, Fritzsch and Leutwyler [6], considering colour as the charge
associated with the strong interaction, developed Quantum ChromoDynamics (QCD) as
gauge theory of the strong interaction, with the possibility to use perturbative expansion
techniques for the computations of cross sections (provided that the coupling constant
is small enough). It is a Yang-Mills, or non-Abelian theory: gluons, the gauge bosons
exchanged between coloured particles, carry a colour charge themselves and can directly
interact with each other [7]. Gross, Politzer, Wilczek and independently ’t Hooft discov-
ered that such a theory presented a characteristic called asymptotic freedom: the coupling
constant of the strong interaction becomes small and tends toward 0 at large energies.
Introduction 3
This discovery (that was rewarded by a Nobel prize in 2004 only) allowed physicists to
use perturbative QCD to compute hadronic cross sections, with predictions checked to
be correct at the percent level. It is then thought that confinement at low energy also
arises from the running of the coupling, that becomes very strong at low energy. In such
a case, the energy one needs to transfer to two partons is so important that is becomes
large enough to materialise a qq̄ pair that forms a meson, leaving us with the original
hadron and an extra one instead of free partons. A highly energetic parton will typically
fragment into a bunch of other partons before they all eventually hadronise into a group
of hadrons (and eventually other particles) roughly collimated inside a cone called a
jet. Lattice QCD, a numerical method allowing to gain insight on the nonperturbative
regime of QCD, also agrees with the existence of confinement, although there is still no
mathematical proof that Yang-Mills theories exhibit a confinement property. The first
evidence of the existence of gluons was provided by measuring the decay of Υ mesons
(cf. next paragraphs) into three gluons at DESY in 1979 [8]. Their existence was definitely
proved by the measurement of three-jet events in the same year: these events were
predicted by QCD for configurations where a qq̄ pair radiates a hard non-collinear gluon,
called gluon Bremsstrahlung [9].
Thanks to deeply-inelastic-scattering measurements, physicists started probing
the internal structure of hadrons in terms of their constituent partons. Although such
a picture is only tractable at high energy, it still allows one to factorise hadronic cross
sections into a partonic-scattering-squared amplitude and Parton Distribution Functions
(PDFs) that describe the probability to find a given parton inside the proton with a given
momentum fraction at a given scale for the process. This procedure of factorisation
is central to the computation of hadronic cross sections. Proving factorisation can be
highly nontrivial. During the last three decades, physicists have been looking to refine the
parton picture by considering partons which do not only carry a fraction of their parent
hadron momentum, but also a momentum component that is transverse to it. Since the
transverse momentum of a parton must be of the order of the hadron mass, it is generally
much smaller than the momentum transfer in the process that scatters particles with
large transverse momenta. The intrinsic transverse momentum of initial-state partons
can therefore safely be neglected (or integrated over as is the case in DIS). This is however
not true when one considers reactions where the overall transverse momentum of the
final state remains small. Such events are sensitive to the intrinsic transverse momentum
of partons that is of the same magnitude, and can therefore be used to probe the parton
dynamics in the transverse plane. One can therefore access the Transverse-Momentum-
Dependent PDFs (usually called TMDs) in low-transverse-momentum reactions. In
such reactions, the transverse-momentum spectrum of the final state is modified by
the influence of the partonic transverse momentum ; azimuthal asymmetries can also
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appear in multi-particle final states. TMD factorisation was proved to hold for a handful
of processes and permitted to extract several quark TMDs from data. So far, very little is
known about the gluon TMDs as one lacks a good probe to measure them at the current
hadron colliders. The Electron-Ion Collider (EIC) to be built at the Brookhaven National
Laboratory (BNL) would allow us to make great progress in the extraction of TMDs, but
the completion of such a project is about ten years away from now.
While the confusion started by the discovery of the particle zoo was steadily mak-
ing place to a clearer vision of the strong interaction in the 1970s, another series of
discoveries paved the way to a new area of hadronic physics. In 1974, two groups at
SLAC and BNL simultaneously announced the discovery of a new particle: the J/ψ,
whose denomination is a combination of the names given to it by the two collaborations.
This was the "November revolution" that started the study of heavy-quark flavours and
quarkonium physics. The conclusion that the J/ψ was one of the lowest bound states
of a charm-anticharm quark pair, similarly to a positronium formed by a bound e+e−
pair, had physicists name it and higher spectroscopic states charmonia. SLAC was using
e+e− collisions and observed that the ratio of production of hadrons over µ+µ− pairs had
a clear bump at around 3.1 GeV, meaning a hadron resonance was present. Since the
electron-positron pairs primarily interact via the exchange of a virtual photon, the reason
for the J/ψ to be the most easily produced charmonium was that it was the lightest
charmonium with the same quantum number as the photon, which simply fragmented
into a cc̄ pair that formed a bound state. The charm flavour was first proposed by
Glashow and Bjorken in 1964, but it was also required by the Glashow-Iliopoulos-Maiani
(GIM) mechanism (1970) that explains the suppression of Flavour-Changing Neutral
Currents (FCNC) in loop diagrams that would violate experimentally observed selection
rules. The suppression occurred thanks to a small ratio mu/mc multiplying the prob-
lematic contributions, the charm quark was therefore expected to be heavy. In addition
Kobayashi and Maskawa argued in 1973 that a new doublet of heavy quarks was needed
to explain C P-violation in weak decays. One was the bottom quark, discovered in 1977 at
Fermilab inside Υ mesons, that are equivalent to J/ψ mesons with b quarks. The other
one, the top quark, was only discovered in 1994 due to its uncannily large mass, about
173 GeV, out of reach of colliders until the commissioning of the Tevatron where it was
observed. Interestingly, while the top is in majority created through strong interactions,
it very quickly decays through the weak interaction into a W and a b, in a time much
shorter than the typical strong interaction time. For this reason, it does not hadronise,
providing an interesting opportunity to study the behaviour of a ’bare’ quark.
With the J/ψ and Υ, a large number of new charmonia and bottomonia were
regularly detected in the experiments during the 70s and the 80s, as well as open charm
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and beauty mesons (mesons containing c and/or b quarks that are not combined with
their own antiquark, which therefore carry a nonzero charm or beauty charge). An
interesting characteristic of these heavy-quark mesons is that their mass is close to
that of their constituent quarks, meaning that the quarks do not have a large relative
momentum and are typically nonrelativistic. It is therefore possible to use nonrelativistic
potentials to describe with good results the binding between them and the related meson
spectroscopy, such as the Cornell potential: the combination of a Coulombic potential at
small distance, in accordance with asymptotic freedom in QCD, and a linear potential at
large distance describing the effect of confinement. Various mechanisms can be resorted
to in order to describe quarkonium production in colliders. So far not all of the numer-
ous production data can be consistently explained, and the contributions of different
mechanisms to specific processes are still the subject of debates. Nonetheless, beyond
the study of their own production mechanisms, they are already important tools in
several fields of high-energy physics: B meson factories were built to study C P-violation
in detail, quarkonia are used as probes of the characteristics of the quark-gluon plasma
which existence was recently confirmed at the LHC, as well as probes of cold nuclear
matter effects. They can also be used to study parton correlations, such as in multiple
simultaneous parton scatterings between two protons, or to probe parton distribution
functions and their generalised analogues. In particular, quarkonium production can
be a way to access the poorly known gluon TMDs in proton collisions at the LHC. At the
considered centre-of-mass energies, the gluon density largely surpasses that of all other
partons and perturbative QCD can safely be used to describe the partonic subprocess.
Since quarkonium production originates in majority from gluon fusion, low-transverse
momentum events are sensitive to the intrinsic transverse momentum of the gluons and
their measurement could allow to extract the gluon TMDs. This is the subject of this
thesis.
In the first chapter of this thesis, we will describe how hadronic cross sections are de-
rived using factorisation. We will define the parton correlator in terms of operators in the
parton model and add some necessary corrections. We will also give its parametrisation
in terms of PDFs. In the second chapter, we will generalise the parton correlator to include
the intrinsic transverse momentum of the parton. We will give the new parametrisation
of this multidimensional correlator in terms of TMDs. We will then look at a typical cross
section for gluon fusion within the framework of TMD factorisation and the additional
observables one can consider in order to access the gluon TMDs. We will finally explain
the evolution formalism for TMDs that allows one to account for their scale dependence.
In the third chapter, we will give some details about quarkonium production and the
main mechanisms invoked to describe it. We will especially focus on the colour-singlet
model and colour-octet mechanism within the framework of the effective theory called
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Non-Relativistic QCD to describe the hadronisation of heavy-quark pairs. In the fourth
chapter, we will show how quarkonium production, alone or in association with other
particles, is a promising tool for the study of the gluon TMDs. We will present the main
processes under consideration for such a goal, as well as their advantages and downsides.
In particular, we will present J/ψ- and Υ-pair production as very interesting processes
for the extraction of the gluon TMDs at the LHC. We will conclude this chapter by talking
about contributions from multiple parton scatterings and feed-down that could compli-
cate the extraction of information on the proton structure from these channels.
The fifth chapter describes our predictions for TMD-related observables in double
J/ψ production using a Gaussian model for the gluon TMDs. We will show that the spe-
cific structure of the partonic scattering amplitude of this processes makes it indeed a
powerful tool for the extraction of the TMDs by optimising the magnitude of the observ-
ables. The sixth chapter will be dedicated to the inclusion of the TMD evolution formal-
ism in our analysis of J/ψ-pair production in order to make our predictions more realistic
and isolate the truly nonperturbative component of the TMDs by evolving them down to
their natural scale. It will be showed that in spite of an expected suppression of the TMD
observables, the latter should remain sizeable and could be measured with the data al-
ready available and to come at the LHC. We add predictions for Υ-pair production that
are also quite promising. In the seventh and final chapter of this thesis, we will have a
deeper look into the scattering amplitude of J/ψ- and Υ-pair production, including in
the polarised case. We will use the helicity formalism, specifically in the high-energy and
threshold limits, to understand how the specific characteristics that make these processes
so interesting for gluon-TMD study arise.
Chapter 1
Factorised cross section for proton-proton
collisions
The complexity and elusiveness of the structure of hadrons stem from the nature of the
strong interaction, best described by QCD. The non-Abelian nature of this theory is in ma-
jority at the origin of the complications that arise in comparison with QED. A description
of hadronic reactions in terms of the degrees of freedom of the theory, namely quarks
and gluons, is possible but is only valid for high momentum transfers. For such pro-
cesses, the running-strong-coupling constant is sufficiently small to apply perturbative-
computation techniques, as it tends toward zero at zero distance. This feature is called
asymptotic freedom and therefore allows one to describe high-energy processes in terms
of interactions between quarks and gluons. On the other hand, at small momentum trans-
fer in the centre of mass of the system, the coupling becomes large and makes the expan-
sion divergent: the quarks and gluons (called partons) do not exist freely and are con-
fined within hadrons. Therefore if one looks for a description of a hadronic reaction, the
idea of separating the perturbatively expandable high-energy scattering of partons and
the transition from or toward a bound state comes naturally. Such a procedure is referred
to as factorisation and is central to most high-energy computations of QCD cross sec-
tions. Hence, because the partonic sub-process can be evaluated using the theory and
provided that factorisation can be established, one can use experiments in order to probe
the dynamics of hadronic bound states.
1.1 Hadronic cross section
Describing the inner structure of hadrons at small momentum transfer using quarks and
gluons has been the focus of a lot of research in the field of QCD. The cornerstone of
this branch is the study of Deeply Inelastic Scattering (DIS) where an electron collides
with a proton with large relative momentum, the former probing the content of the latter
through electromagnetic interactions with its constituents. The parton model originally
proposed by Feynman to give insight about the microscopic behaviour of the strong in-
teraction relied on the separation in time/distance scales of the interactions occurring
during the reaction. Indeed, the proton radius being of the order of the femtometer, the





Figure 1.1: DIS amplitude representation at Leading Order (LO) in α. The incident elec-
tron e with momentum l scatters on a proton with momentum P , via the exchange of a
virtual photon with momentum q . The proton is destroyed into remnants X while the
electron is scattered with a momentum l ′.
typical scale of interactions (in the proton rest frame) between its constituents is about
1 fm. In a collider like HERA that intensively investigated DIS, the invariant momentum
transfer Q was typically of the order of tens of GeV, although measurements ranged from
a few to hundreds of GeV. Therefore in the rest frame of the electron-hadron pair, the
Lorentz boost applying to the hadron implies a strong time dilation. This makes the in-
teraction scale between partons of the order of 100 fm instead of 1fm in the rest frame
of the hadron, while the typical electron scattering scale is 1/Q ∼ 10−1 fm [10]. Hence,
the typical interaction time between the electron and a parton (in this case a quark, as
gluons do not carry an electric charge) is much shorter than the interaction time between
partons. The electron therefore “sees” a frozen picture of the proton in terms of its con-
stituents and only interacts with one of them, while a slow probe would not be able to
resolve just one parton. Therefore in the parton model, the momentum exchange be-
tween the electron and one of the quarks is realised via the exchange of a virtual photon,
its virtuality being Q2 =−q2 > 0 (see Fig. 1.1). This picture is only valid in a certain area of
the phase space accessible at HERA, as we will explain further.
Originally only the scattered electron was detected. Knowing the kinematics of the
incident electron and proton, it was already possible to probe the structure of the proton.





















where one neglects the masses of the proton and the electron in comparison with the
electron-proton centre-of-mass energy
p












Figure 1.2: Cut-diagram representation of the DIS squared amplitude. The large blob
represents the transition between the bound state, that is the proton, to a quasi-free quark
that interacts with the virtual photon. The struck quark then eventually fragments and
hadronises into other bound states that form the final state X . The vertical line, called
final-state cut, represents the final state |X 〉 and implies a sum and integration over all
possible out states.
the electromagnetic current between the initial and final states of the electron, while〈
X
∣∣ jλ∣∣P〉 is the hadronic current for an initial-state proton and final-state remnants
X that are not detected and therefore summed over all possibilities. One calls such a
cross section inclusive, it is the main type of cross sections that are studied in hadronic
reactions as it is often impossible to detect all the particles of a destroyed hadron. The ex-
ception is diffractive processes where the proton is not broken. We see in the second line
of Eq. (1.2) that the cross section can be expressed as a contraction between a leptonic
tensor Lµν and a hadronic tensor W µν. While the leptonic tensor can be perturbatively
evaluated using Feynman rules for QED, the situation is more complex for the hadronic
one that is intrinsically nonperturbative. Following the idea of factorisation, one can
separate the small-scale electron-quark scattering from the long scale initial-state and
final-state partonic interactions. The squared amplitude associated with this picture is










γµ∆ j (k +q)γνφ j (k,P )
)
. (1.3)
Eq. (1.3) emphasises the idea of factorisation: the hadronic tensor is the product of
gamma matrices emerging from the Feynman rules of QED encoding the interaction
vertex between a quark and a photon, with nonperturbative objects φ and∆ representing
the transition between quasi-free partons and bound states. φ is usually called a parton
correlator while ∆ is called a fragmentation correlator. A sum over quark flavours and
momenta is also needed as all of them contribute to the cross section. An important
approximation that can be made is to consider the momentum component of the parton
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that is transverse to its parent hadron momentum to be negligible. Indeed, if one defines
a longitudinal axis z as the direction followed by the colliding electron-proton pair, the
longitudinal proton momentum Pz is large and in particular much larger than its mass
Mp . Therefore the partons inside of this proton must also have momenta that are much
larger in the z direction than in the plane transverse to z. Particles in the final state
generally acquire large transverse momenta through the hard quark-virtual-photon scat-
tering, where the scattered electron recoils against the quark. Otherwise, the scattered
electron would remain close to the beam, undergoing many interactions with proton
remnants that would break factorisation. In addition, particles close to the beam are
harder to detect, precisely because of their proximity with many other particles. The
partonic momenta are approximated as collinear to that of their parent hadron (i .e.
longitudinal), and each parton carries a fraction of the hadron momentum: k = xP with
0 < x < 1. The longitudinal momentum fraction x is taken to be between 0 and 1 as it is
unlikely that a parton would have a momentum larger than or in the opposite direction
of the hadron momentum1. In this picture, the sum of all partonic momenta must be
equal to the hadron momentum:
∑
i ki = P . This simplification is called the collinear
approximation. It is relevant when one considers one-particle final states like in DIS, as
one cannot define a transverse-plane angle that the cross section would depend on. It
is also relevant for multi-particle final states where the total transverse momentum is
much larger than the proton mass. Indeed in that scenario, any effect from the intrinsic
partonic transverse momentum is washed out by the perturbatively generated transverse
momentum of the final-state particles. Therefore the hadronic tensor will not explicitly
depend on the unintegrated correlator φ(k,P ) that depends on the four components of
k. Instead the hadronic tensor will depend on the integrated correlator φ(x,P ) (hence
the use of x instead of k in Fig. 1.1).
The factorisation procedure is similar for other hadronic processes. Each parton en-
tering the high-energy scattering is associated with an object describing the transition
between the hadronic bound state and a quasi-free parton. In the case of a proton-
proton collision where the hard scattering is initiated by two gluons (sometimes referred
to as gluon fusion), the cut-diagram representation of the squared amplitude is shown in

















where dR is an infinitesimal volume of the phase space, and we kept the unintegrated
gluon correlators as we will look at them in more details in the following. We thus have a
1in DIS, one can prove the support properties of PDFs: q(−x) = −q̄(x) where q̄ is the distribution of anti-
quarks.







Figure 1.3: pp collision via gluon fusion. The unspecified hard scattering is represented
by the H blob (H∗ in the conjugate amplitude). The observed final state is also general
and is represented by a dashed line.
correlator for each of the gluons entering the hard-scattering. We see that each correlator
has two Lorentz indices contracting with the hard-scattering amplitude and its complex
conjugate, the factorised formula is therefore valid at the squared amplitude level. Sim-
ilarly, the factorised expression for DIS (cf. Eq. (1.2)) is provided at the tensor level and
describes a squared amplitude. We will now analyse the correlator and try to see how one
can extract information about the proton structure from it.
1.2 The parton correlator
Let us get back to the hadronic tensor in the cross section of DIS. This tensor is propor-
tional to a product of local currents 〈P | jµ(0)|X 〉〈X | jν(0)|X 〉. One can make this product
bilocal by translating one of the fields: 〈P | jµ(0)|X 〉 → 〈P | jµ(η)|X 〉e i (k−k ′).z with k and k ′
the quark momenta before and after scattering, and then use the Dirac delta function that
ensures momentum conservation δ(k + q −k ′) to sum the product over the position in-
terval η. Using the completeness relation over undetected final states:
∑
X |X 〉〈X | = I, one
finds: ∑
X
δ(k +q −k ′)〈P | jµ(0)|X 〉〈X | jν(0)|X 〉 = 1
(2π)4
∫
d4z e i z.q 〈P | jµ(0) jµ(η)|P〉 . (1.5)
The interest in re-writing the current product as an integral over the non-locality η (more-
over as one matrix element thanks to the completeness relation over unobserved final
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states) resides in the use of an Operator Product Expansion (OPE) to select the dominant
contributions to the matrix element 〈P | jµ(0) jν(η)|P〉 [11, 12]. As opposed to products of
electromagnetic and/or weak currents, hadronic currents are expanded in sums of non-
local operators. It can be showed that the coefficient functions multiplying various oper-
ator combinations are proportional to powers of (M/Q)t−2, where t is the so-called t wi st
of the operator product. Since this ratio is supposedly small at large momentum trans-
fer, one can then select the leading contributions only by realising a twist expansion in
order to evaluate the DIS cross section. The cross section and related observables of a
QCD can therefore be evaluated through a double expansion in powers of αs and (M/Q).
However, a rigorous OPE is only applicable to DIS and e +e− annihilation processes. An-
other technique that is valid under some assumptions and allows one to easily visualise
the leading contributions to a hadronic cross section is the diagrammatic approach [13].
In this approach, the quark spinors/gluon polarisation vectors that would connect to the
extremities of Feynman diagrams describing the hard-scattering as in a free-field theory
are replaced by their correlators, whose operator structure is that of the fields entering
the diagrams. For example, one can show that the leading-twist correlator of the quark
involved in a DIS with an electron will be of the form:







∣∣ψ̄ j (0)P3∗ψi (η)∣∣P〉 , (1.6)
and corresponds to the diagram in Fig. 1.4 where ψi (x) is the free quark field with a Dirac
index i . The twist-2 correlator “extracts” a quark from the proton bound state to scatter
with the virtual photon in the hard-scattering amplitude before “reinserting” it into the
proton in the complex conjugate part. Since it is acting on a squared amplitude, it should
be labelled a quark-quark correlator to avoid any confusion, but will usually be called
quark correlator unless necessary. Since we extract a quark from the proton that is in a
colour-triplet state, the remnants naturally are in an anti-triplet state. The sum over rem-
nants states therefore gives an identity operator over the space obeying this configuration,
denoted P3∗ . It will be omitted in the following for brevity, as well as the summation over
colours in all correlators. The diagrammatic expansion generates the same ordering in
powers of (M/Q) as the rigorous OPE when it is applicable; it de facto assumes factori-
sation and can be seen as an improved version of the parton model that only accounts
for the leading-twist contribution, while within the expansion, sub-leading contributions










The use of F fields rather than A fields will be justified in the following. This correlator
expression is similar to that for a quark entering the scattering. The corresponding dia-
gram is therefore equivalent to Fig. 1.4 where the quark lines would be replaced by gluons.







Figure 1.4: Diagrammatic representation of the quark correlator.
This correlator is twist-2 as well, but gluons do not directly couple to the electromagnetic
field. Hence the leading contribution from gluons to the hard-scattering is sub-leading in
the expansion of the coupling constantαs when compared to the quark one, as it requires
higher-order Feynman diagrams. One may then think that any gluon-related effect can
be safely neglected in the description of DIS, but this is incorrect since an expansion does










e i k.η e i k1.(ξ−η)
〈
P
∣∣ψ̄ j (0) Aµ(ξ)ψi (η)∣∣P〉 . (1.8)
which corresponds to the diagram in Fig. 1.5a. The qg q vertex diverges for gluons that are
soft or collinear to the quark, as the denominator contains a scalar product of the quark
and gluon momenta. Therefore the contribution brought by the quark-gluon-quark cor-
relator is actually leading-twist and cannot be neglected since the sum over undetected
gluon momenta also covers the regions where the gluon is soft or collinear. Furthermore,
a correlator connecting n gluons to the hard part is a leading contribution as well (cf.
Fig. 1.5b), one must therefore sum all diagrams connecting a number of gluons between
0 and ∞ to each side of the squared amplitude. Another way to phrase this is that one
cannot differentiate an isolated quark from a quark accompanied by an arbitrary number
of soft and/or collinear gluons, and the state is then degenerate. The KLN theorem en-
sures that all infrared singularities cancel at each order of perturbation theory when all
the degenerate states are summed over [14]. While the final states are summed over and
hence cancel any infrared divergence, the initial state singles out a quark and the state is
degenerate so one needs to sum over all these states. It is practical to use lightcone coor-
dinates to describe the kinematics of hadronic processes at high energies where masses








x0 −x3)≡ x ·n+ , (1.10)
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φA(k, k1, ..., kn;P )
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(b)
Figure 1.5: (a) Diagrammatic representation of the quark-gluon-quark correlator
Φ
µ
A i j (k,k1;P ). (b) Representation of a correction term to the parton model for DIS with n






with the lightlike vectors n± that can be formed using the Cartesian basis:
n+ = 1p
2
(ê0 + ê3) , n− = 1p
2
(ê0 − ê3) ⇒ n2+ = n2− = 0, n+ · n− = 1. (1.12)
The proton is conventionally chosen to have a large momentum along the n− direction,
which means P+ is the large component. Logically, the partons coming from the proton
also have large “+” momenta such that these will generate the leading terms in the twist
expansion. The collinear correlator that will ultimately be relevant for processes like DIS
can be written:
φi j (x,P ) =
∫





+η− 〈P ∣∣ψ̄ j (0)ψi (η)∣∣P〉∣∣∣
η+=ηT =0
. (1.13)
We see that integrating over the small parton momentum components places the field
on the lightcone as each integral generates a Dirac delta in position space, so that the
separation is restricted to be on the “-” axis. Now if one computes the diagram with n
connected gluons, the correlator can be written in the following form:










ξT =ηT =0 , (1.14)
where g =pαs is the amplitude-level strong coupling. Therefore one sees from Eq. (1.14)
that adding an arbitrary number of gluons fields at leading-twist only multiplies the
quark-quark correlator by integrals over paths of the A field. Indeed the gluon fields are
classical, or eikonal in this contribution, one can therefore decompose a diagram of n
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gluons connecting to a quark line into a product of n diagrams where one gluon connects
to the quark line. Since products of gluon fields need ordering, one can order them
by their position: ξi−1 < ξi < ξi+1. One can see that the overall factor multiplying the
quark-quark correlator in Eq. (1.14) corresponds to the nth term of the Taylor expansion
of an exponential. The consequence is that the sum of all the gluon contributions on one






















ξ+i =η+=ξT =ηT =0
, (1.15)
where P is the path-ordering operator for the expansion. The new collinear quark corre-
lator encompassing all the considered corrections then reads:


















∣∣∣ψ̄ j (0)U−[0,η]ψi (η)∣∣∣P〉∣∣∣
η+=ηT =0
, (1.16)
where we used the causality property of the Wilson lines to combine them into one line
that finally connects the two quark fields in position. Connecting the fields in the corre-
lator also has as a consequence to restore its invariance under colour-gauge transforma-
tion. Indeed, the correlator definition given in Eq. (1.13) is not gauge invariant and thus
not a physical object. This is the reason Wilson lines are also called gauge links. Similarly
for the gluon correlator, the combination of fields and links Fµν(0)U[0,η]Fρσ(η)U ′[η,0] takes
















It requires two distinct links in the fundamental representation due to the more complex
colour structure of the gluon strength fields F [15]. After this introduction to the operator
definition of parton correlators, we are going to look at their parametrisation in terms of
PDFs that are the quantities we can study to get information about the structure of the
proton.
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1.3 Parton Distribution Functions
So far we neglected any effect related to the spin state of the proton on the structure of
the parton correlators. Indeed in this thesis, we will focus on the phenomenology of pro-
ton collisions made at the LHC, where the beams are unpolarised. Proton spin effects will
therefore be irrelevant to us, but we will briefly introduce how correlations between mo-
menta and spins of the proton and partons modify the parametrisation of the correlator.
The idea to follow in order to provide a parametrisation for a given correlator is to find
the most general form that parametrisation can take while still respecting the symmetries
the operator definition must respect, and by retaining only terms that will give a leading
contribution to cross sections in the twist expansion (see e.g. [16]). One can then write
the correlator as a combination of vectors at hand, namely the lightcone vectors n+ ∼ P
and n−, the proton spin S, γ matrices, as well as scalar quantities. The nature of such
scalar quantities will then provide information about the internal structure of the proton.
The quark correlator needs to respect hermiticity and P-invariance. One can also get an
extra condition from symmetry under time reversal but this can be more subtle to imple-
ment as we will briefly see in the next chapter for the TMD case where gluonic poles can







We find at leading twist three terms, each associated with a scalar function, that respec-
tively correspond to an unpolarised, longitudinally polarised or transversely polarised
proton. Hermiticity restricts the scalar functions to be real-valued. If one rewrites the
correlator in the quark-spin basis, it can be seen that each scalar function identifies with
the probability of finding a quark of spin α and momentum fraction x inside a proton of
spin S. The scalar functions can therefore be interpreted as distribution functions, which
is the reason they are named PDFs. f1 is the unpolarised quark distribution inside unpo-
larised protons; g1 is the longitudinally polarised quark distribution inside longitudinally
polarised protons, also called helicity distributions: and h1 is the transversely polarised
quark distribution inside a transversely polarised proton, also called transversity distri-
bution. The subscript 1 means that these are leading-twist distributions, as more would
be necessary to parametrise a higher-twist correlator. While f1 is the only distribution ap-
pearing in the correlator of an unpolarised proton, it also contributes alongside g1 or h1
in the description of a polarised state. Since the PDFs are the only unknown values in the
parametrisation of a correlator entering the cross section of a hadronic process, it is clear
that one can extract them from experimental measurements of hadronic cross sections.
Moreover one expects the PDFs to be universal: since they are describing the internal
dynamics of the proton, the distributions extracted should be independent of the con-
sidered process. If true, this gives predictive power to QCD by allowing one to use a PDF
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extracted from the cross-section measurements of one process to predict cross sections




[−gµνT f g1 (x)+ iεµνT λg g1 (x)] . (1.19)
with λ the nucleon helicity, gµνT = gµν − Pµnν − Pνnµ and ε
µν
T = εµνρσPρnσ where n
is any lightlike vector non-orthogonal to P . The gluon distributions are denoted by a
superscript g ; we note that there is no equivalent to the quark transversity PDF for gluons.
We need to bring some refinements to the parton model in order to be able to make
predictions for QCD-related observables. So far we considered the coupling αs to be a
constant. If one would want to include higher-order corrections in powers of αs , loop
diagrams would contribute from which singularities need to be removed. This is done
via the renormalisation procedure in which the bare parameters of the theory are rede-
fined in order to absorb the divergences. However this procedure introduces an arbitrary
renormalisation scale usually denoted µ at which the singularities are removed. Since a
physical observable cannot depend on an arbitrary parameter, one needs to enforce the
independence of observables from variations of µ through Renormalisation Group Equa-
tions (RGEs). If one takes a dimensionless variable R that can only depend on the ratio




















R = 0. (1.20)
The consequence is that the explicit variations of R with µ/Q must be compensated by
also varying αs with µ or Q. This introduces the need of a running coupling constant in
renormalisable theories. Solving the RGE allows to compute how the coupling varies with











The β function can be perturbatively evaluated in powers ofαs (provided that both scales
are in the perturbative regime), by applying corrections to the QCD bare vertices: β(αs ) =
−bα2s (1+b′αs +O (α2s )). The one-loop coefficient is b = (33−2n f )/12π with n f the num-
ber of active quark flavours in the considered energy range. The negative sign of the β
function in QCD makes αs tend toward 0 at large energy and is at the origin of asymptotic
freedom. On the other side, the running coupling diverges when approaching the Lan-
dau pole of QCDΛ∼ 200 MeV, making perturbative techniques non-applicable below the
GeV scale. Another common definition for the running coupling (again at one-loop order
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A similar procedure can be applied to the quark masses that are simple parameters of
the Lagrangian, in an analogous way to the coupling. One can show that light-quark
masses can safely be neglected at large energy scales, while heavy-quark masses must
be taken into account in the computations if they are of the same order of magnitude as
Q. However, quarks with masses m that are much larger than the considered hard scale
decouple from the process as their contribution is suppressed by inverse powers of m
and can be neglected as well. The mass also runs with Q, an effect that might need to be
taken into account in order to make accurate predictions.
To this point, we also considered PDFs in the collinear approximation which only de-
pend on the momentum fraction x carried by a parton entering a hard scattering. This
is in accordance with the picture given by the parton model: partons are point-like parti-
cles, the quark scattering with the virtual photon does not undergo any QCD interaction
over the short interaction distance ∼ 1/Q. We already saw that this is not completely true,
as one needs to account for soft and collinear gluons coupling to the hard part, but these
corrections can be factored out of the latter and simply add a matrix-valued phase factor
to the quark correlator that is a Wilson line. Hence a primarily expected feature of the
PDFs is the so-called Bjorken scaling, where the PDFs remain independent of the hard
scale Q. This scale can be seen as the resolution that the virtual photon of DIS can probe
the proton with. However one could imagine a scenario where the quark entering the
scattering originates from the splitting of another parton. Such splittings are not soft and
can therefore be computed using perturbative techniques, they are called initial-state ra-
diations. One can imagine that a parton entering a specific hard scattering comes from a
cascade of initial-state radiations (cf. Fig. 1.6).
The cross section describing a quark emitting a gluon and then entering the hard
scattering represented by the blob in Fig. 1.6 can be factorised: it is the product of the
probability for the parent quark to emit a gluon with the cross section of the process
occurring within the blob. Such a probability, computed for a given (squared) transverse
momentum of the gluon, needs to be integrated between a minimal scale µ20 ∼Λ2 and a
maximal scale µ2 ≤ Q2. The probability is proportional to αs ln(µ2/µ20). As µ and µ0 can
cover a wide range, the logarithm can be large and make the contribution non-negligible
since it appears with the same power as αs . Within the collinear approximation, it
can be shown that for an arbitrary number of initial-state radiations, the main con-
tribution comes from emissions that are strongly ordered in transverse momentum:
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Figure 1.6: Representation of initial-state splittings a parton can undergo before entering
a hard scattering. Such diagrams translate into corrections to the PDFs.
k2T1 ¿ k2T2 ... ¿ k2Tn . The parton extracted from the proton is collinear, and its transverse
momentum can be neglected as is done in the collinear approximation, while that
entering the hard scattering with the probe has a large transverse momentum that is
perturbatively generated. The probability for a quark or gluon to come from n previous
strongly ordered emissions is proportional to (αs ln(µ2/µ20))
n . Then all the emissions
can be summed and this component can be included in the definition of the PDF, which
then acquires a dependence on the scale µ (as well as the correlator it parametrises). By
perturbatively computing the splitting functions associated with the various emission
scenarios, one can write an integro-differential equation that is the DGLAP equation that
allows one to compute how a given PDF varies with the scale µ. [20, 21, 22]. The DGLAP
equation explains the violation of Bjorken scaling. The parton model initially makes the
approximation that partons do not interact at all with each other; therefore the photon in
DIS will always see a point-like quark, independently of the resolution 1/Q with which
it probes the proton. When taking into account initial-state radiations, the photon now
sees a quark dressed with other partons, and this picture is dependent on the resolution
achieved, hence the momentum transfer Q. This variation of parton distributions with
the scale is called evolution. The considered corrections generate UV divergences that
are removed through a renormalisation procedure applied to the PDF that introduces a
dependence on the renormalisation scale µ, and the DGLAP equation is the RGE of the
PDF associated with µ.
The PDFs have been extracted in many processes at different colliders. The main pro-
cess used first was DIS. The H1 and ZEUS experiments at the HERA electron(positron)-
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Figure 1.7: Global fit of the different (x-weighted) PDFs inside the proton as functions of
x > 10−3 for µ2 = 10 and 104 GeV2 by the NNPDF collaboration [23].
proton accelerator extracted PDFs in a range of 0.045 < Q2 < 50000 GeV2 and 6.10−7 <
x < 0.65 for neutral currents (γ∗, Z 0) that allow one to extract valence quarks and glu-
ons PDFs, and 200 < Q2 < 50000 GeV2 and 1.3.10−2 < x < 0.4 for charged currents (W ±)
that allow one to separate quark flavours. Fig. 1.7 presents a modern global fit of unpo-
larised PDFs as functions of x for two different values of µ = 3.16 and 100 GeV [23]. From
this figure, it is clearly visible that the parton content of the proton strongly varies with the
reference frame it is considered in, hence high-scale probes will encounter a much denser
parton sea than low-scale ones. Moreover, gluons quickly become strongly predominant
below x = 10−1 (the gluon distribution is divided by 10 in both plots for presentation pur-
poses). Therefore, hard scatterings within hadron collisions are very likely to occur within
gluon fusion. Even in processes that are primarily quark induced, the gluon distribution
might bring a dominant contribution through splittings of gluons into quarks.
In this chapter, we explained how one could provide a description of hadronic reac-
tions, using the parton model that provides a picture of the proton in terms of the de-
grees of freedom of QCD that are the partons. In this picture where the partons do not
interact with each other during the short interaction time with the probe, the latter sees
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a “snapshot” of the proton and the associated cross section can be factorised into the
product of two objects. The first one is a hard scattering between the probe and a par-
ton computable perturbatively, i .e. using an expansion in the coupling constant αs that
is supposedly small. The second one is a correlator that is intrinsically nonperturbative
and encodes information about the proton structure in terms of partons. We saw that
this correlator could be parametrised in terms of scalar quantities that had a probabilistic
interpretation, the PDF that give the probability of finding a specific parton with momen-
tum fraction x. We then saw that some corrections that would be a priori sub-leading in
the twist expansion of the correlator actually need to be taken into account. Wilson lines
so far only intervene in operator definition of the correlator. Vertex corrections imply
the running of the coupling constant with the renormalisation scale as well as the quark
masses when the latter cannot be neglected. Initial-state radiations are hard emissions
occurring before the scattering with the probe that can be absorbed into the distribution
by making it dependent on the scale which it is probed at: this phenomenon is called
evolution (fragmentation functions also undergo evolution due to final-state radiations
in the case of processes with hadron creation in the final state). We finally saw that PDFs
as functions of x were indeed larger at high energies (except for the valence quark ones),
with the gluon PDF being highly predominant.

Chapter 2
Beyond the collinear approximation: the
transverse structure of the proton
Up to this point, we considered the structure of the proton and its study within the
collinear approximation. The intrinsic transverse component of the parton momentum
is neglected in the hard scattering when it is much smaller than the detected transverse
momentum of the final state, generated via perturbative interactions. The partonic
correlator appearing in a cross section within this approximation is integrated over all
components of the parton momentum but the longitudinal one. Collinear factorisation
theorems are rigorously proven for processes that are inclusive enough like DIS, but
also the Drell-Yan process (qq̄ → γ∗ → l+l−) and direct photon, W , Z 0 production
which allow a valid extraction of PDFs, and many other processes are expected to be
factorisable [24, 25]. On the other hand, it is not possible to get any information about
the transverse structure of the proton in the collinear regime. One might want to consider
processes where the total transverse momentum of the final state is closer to the mass
of the proton, and might therefore be sensitive to the intrinsic transverse momentum
of the partons. It would then be practical to also use factorisation theorems in order
to disentangle the perturbative and nonperturbative components, the latter encoding
the extra information on the proton structure that eludes collinear factorisation. Such
a procedure is called Transverse Momentum-Dependent factorisation, or TMD factori-
sation [26, 27, 28]. Many concepts can be seen as extensions of the ones defined within
collinear factorisation, but we will also see some fundamental differences between the
two regimes. In particular, a parametrisation in terms of universal parton distributions
remains possible for most cases. We will start by considering a general picture of parton
correlators that are less inclusive than the integrated version intervening in the collinear
case. We will then have a more detailed look at the gluon TMD correlator in unpolarised
protons and its parametrisations, the relevant gluon distributions remaining poorly
known. The following step is to look at the cross section for a gluon-fusion-initiated
process in the TMD formalism, the relevant gluon TMD distributions (often simply called
TMDs). To continue, we will quickly review what is the status of our knowledge on TMDs,
especially the gluon ones, and what are the key processes to their extraction. Although
a complete TMD factorisation process has only been demonstrated for a handful of
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processes, we will provide arguments in favour of the factorisability of quarkonium pro-
duction in association with colourless particles as well as quarkonium-pair production.
Finally we will explain the formalism of TMD evolution and how it can be implemented
in a cross section in order to improve the extraction of the nonperturbative component
of distributions.
2.1 Multidimensional correlators and hadron spin
Although we introduced the unintegrated parton correlator in the previous chapter, we
will not work with it as processes analysed within the collinear factorisation only probe
the one-dimensional correlator φ(x,P ). Even when accounting for the proton spin, the
phenomenology of a reaction is not much richer as rotational invariance is enforced. In
order to probe the proton structure in more details, one needs to consider less inclusive
processes. As already mentioned, processes where the final-state transverse momentum
is of the same order as the partonic transverse momentum are sensitive to its effects.
Distributions depending on the intrinsic transverse momentum of the parton are called
TMDs. A different family of processes of interest in the study of the proton structure are
exclusive processes where one measures the momentum shift of the proton denoted ∆.
Indeed through Fourier transforms, the ∆-dependence translates into a dependence in
the position of partons inside the proton, bringing information that is complementary
to those encoded in momentum-dependent correlators. The ∆-dependence is usually
divided into its “+” component (via the shift fraction ξ = −∆+/2P+ called skewness) and
the transverse component ∆T , the "-" component being fixed by the on-shell condition
of the proton. Distributions encoding the ∆-dependence are called Generalised Parton
Distributions, or GPDs. Fig. 2.1 presents some types of correlators and the relations
between them, from the most general one on top that the fully unintegrated correlator,
to the one-dimensional collinear PDF. Integrating the full correlator over k− gives a Gen-
eralised TMD (GTMD) that still depends both on three-dimensional partonic momenta
and proton momentum shifts. Integrating over transverse partonic momenta k T will give
a GPD, while taking the forward limit ∆ = 0 (hence no proton momentum shift) will give
a TMD. Naturally, enforcing the forward limit on a GPD or integrating a TMD over k T
must result in a collinear PDF, although the matching between the two requires specific
care [29]. For a more complete review of the proton structure landscape and different
types of correlators, we refer to [30]. One can see for example that Fourier-transformed
GPDs become functions of the impact parameter of the parton, i .e. its position in
the transverse plane. One can then define proper impact parameter distributions as
Fourier-transformed GPDs with zero skewness.
Since such correlators have more variables, their parametrisation will require more
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Full(k, P,∆)
GTMD(x,kT , ξ,∆)












Figure 2.1: Multidimensional parton correlators from the fully unintegrated correlator to
the one-dimensional collinear PDF, and the connections between them.
terms to describe all the possible interactions. The TMD correlators for example will con-
tain distributions that encapsulate the correlation between a parton transverse momen-
tum and its spin, or the spin of the proton in the polarised case. We provide in Table 2.1 a
classification of the leading-twist TMDs depending on the polarisation of the parton and
its parent hadron. We note that all TMDs with a “⊥” sign in their name are multiplied
by tensors that are functions of the parton transverse momentum in the relevant correla-
tor parametrisation. Therefore their contributions to a cross section where the partonic
transverse momentum is neglected will vanish. If one integrates the distributions over k T ,
one should retrieve the collinear distributions from the ones in the diagonal of the table.
We note that all TMDs are functions of the magnitude k2T as the Lorentz structure is con-
tained in the pre-factor they multiply in the correlator parametrisation.
In order to probe the TMD correlator, one can consider a process that is less inclusive
than reactions with only one detected particle in the final state. This allows one in particu-
lar to define an angle between the two final-state momenta in the transverse plane, mak-
ing the corresponding cross section sensitive to azimuthal asymmetries. One-particle
final states may also be subjected to TMD effects on the transverse-momentum spectrum
of the detected particle but not to azimuthal asymmetries. Two famous processes used to
probe the quark TMDs are Semi-Inclusive DIS (or SIDIS) and the Drell-Yan (DY) process.
In such reactions, two particles are detected in the final state. For SIDIS, it is a produced
hadron that is detected in addition to the scattered electron, while for DY it is a dilepton.
Less inclusive processes logically allow one to probe more complex correlators. In partic-








































Table 2.1: Classification of TMDs according to the polarisation of the parton and its par-
ent hadron. Note that gluon distributions are distinguished from quark ones by a g in the
superscript.
ular, TMD correlators have a non-trivial structure in terms of Wilson lines. Indeed, in the
case of a TMD correlator, it can be shown that transverse gluon fields at lightcone infinity
produce a leading-twist contribution to Wilson lines [31]. Therefore the associated Wil-
son lines will have a component in the transverse coordinates, as can be seen in Fig. 2.2a
and are called "staple-like" gauge links. Moreover, depending on the space-time structure
of the considered reaction, the transverse part will either be located at plus or minus in-
finity in the lightcone coordinate. The quark TMD correlators associated with such links
are called past- or future- pointing and read:
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A gauge-invariant definition of gluon correlators require two separate gauge links due to
the way gluon fields transform under a gauge transformation. They are usually labeled
Γ[±,±]µν(x,kT ). Depending on the considered process, the appropriate gauge links can
mix past- and future-pointing links.
Gauge-invariant correlators are remarkable as they allow T-odd distributions to enter








Figure 2.2: (a) Past- and future-pointing staple-like paths for TMD gauge links in the
plane of the field nonlocality variable η. (b) In the collinear approximation, the trans-
verse separation disappears, reducing the gauge links to collinear ones that can combine
into a one-dimensional path between 0 and η−.
into their parametrisation [32]. These distributions would vanish if one naively assumed
time-reversal invariance before computing the gauge link structure of a reaction. It was
then demonstrated [32, 33, 34] that including the proper gauge-link structure allows one
to have nonzero T-odd distributions. While in the collinear case, Wilson lines were only
necessary to ensure the gauge invariance of the operator definition of the correlator, their
presence were thought more as a technicality and had no impact on the phenomenology.
It is generally not the case for TMDs, as was first discovered for T-odd ones (Sivers
and Boer-Mulders distributions for the quark). It was realised that the Sivers asymmetry
(a left-right asymmetry in the cross section of TMD processes) could actually arise from
the corresponding TMD being nonzero. It was also clear that due to the distribution
T-oddness, the Sivers function changed sign between the Drell-Yan and SIDIS processes.
A consequence is that the corresponding asymmetry also changes sign between the
two processes (its magnitude will also change due to the weightings of the different
flavours). This discovery has a deep meaning as it proves an impact of a TMD operator
nonlocality over physical observables and invalidates the absolute universality of TMDs:
the distributions that supposedly characterise the proton internal structure regardless
of any external factor can actually vary depending on the way one probes them. It was
later found out that T-even distributions could also be non-universal [35]. The TMDs
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presented in Table 2.1 can be expanded into a sum of universal TMDs multiplied by
process-dependent coefficients.
This entanglement between the definition of the proton constitution and the way
one interacts with it is however not fatal to the predictive power of TMD factorisation,
as the non-universality is bound to the gauge link structure of the relevant TMDs. Yet,
when talking about one of those functions, one should always mention in what physical
process they are investigated since they probe different combinations of their universal
counterparts. The experimental verification of the sign change of the Sivers function is
still ongoing, with encouraging preliminary results [36].
We will now have a look at the parametrisation of the gluon TMD correlator for an
unpolarised proton and review the structure of the TMD cross section for a gluon-fusion-
induced process. We will in particular describe the observables from which one can ex-
tract information about the gluon TMDs.
2.2 Gluon fusion in proton-proton collisions in the TMD
formalism
As we can see from Table 2.1, the leading-twist TMD correlator for an unpolarised pro-
ton can be parametrised by two functions: the number density function f g1 that describes
unpolarised gluons and survives transverse-momentum integration, and the gluon ana-
logue of the Boer-Mulders function h⊥g1 that corresponds to transversely polarised glu-
ons. While the quark version h⊥1 is T-odd, h
⊥g
1 is T-even and thus does not change sign




















where the second term vanishes upon integration over k T . We see that the tensors are
symmetric under the exchange of the Lorentz indices µ and ν, making the terms invariant
by rotation in the transverse plane. This would not be the case for a transversely polarised
proton for which distributions can vary with the angle defined by the proton spin and the
parton transverse momentum. In order to keep a probability distribution interpretation,
it can be showed that the TMDs must respect positivity bounds. In the case of h⊥g1 , the
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We are interested in processes where two initial state gluons scatter at high energies to
give a two-particle observed final state: g (k1)+ g (k2) → X1(q1)+ X2(q2). The TMD fac-

























where N is the symmetry factor (N = 2 for two identical particles in the final state), S =
(P1 + P2)2 is the centre-of mass energy of the colliding protons, dV is the appropriate
phase space element of volume. A Dirac delta function ensures the transverse momen-
tum conservation between the gluons and the final state, whose various quantum num-
bers F are summed over. M (∗) is the partonic scattering amplitude computed using
the relevant Feynman diagrams. At leading twist, the gluons going into the hard scat-
tering are collinear to the protons: k1,2T ∼ ΛQCD ¿ Q where Q is the hard scale of the
process. One can therefore expand the partonic amplitude in powers of qT /Q, where
q T = k1T + k2T ∼ ΛQCD is the pair transverse momentum, and taking the leading term
amounts to setting the gluon transverse momenta to 0 inside M . We will see later that
one may still use TMD factorisation for ΛQCD ¿ qT ¿Q. In the regime qT ∼Q, one needs
to match TMD and collinear factorisations using a “Y-term”. Matching the two regimes is
an active research area, cf. [29, 39, 40, 41]. We have one correlator for each gluon that con-
tracts with the amplitude and its complex conjugate, and each correlator is the sum of two
tensors containing one TMD. This results in a sum of different combinations of two gluon
TMDs, each associated with a scalar factor that is the contraction of each TMD tensor
with the hard-scattering amplitudes. Since one integrates over the unobserved transverse
momenta of the gluons, these products of two TMDs are actually convolutions. The cross
section can then be rewritten as follows (here for two identical final-state particles):
dσ






























where the cross section is expressed in terms of observables: Y is the rapidity of the pair
defined in the hadron centre-of-mass frame like q T , dΩ= dcos(θCS)dφCS is the solid an-
gle element. θCS and φCS are the Collins-Soper angles [42]. The Collins-Soper frame is
the rest frame of the final-state pair, oriented such that the z-axis bisects the proton mo-
menta P1 and −P2. The angle θCS is the angle between the final-state pair momentum
axis and the z-axis, while φCS is the angle between the plane containing the final-state
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pair momenta and the plane containing the proton momenta. The factors Fi multiplying
each convolution are called hard-scattering coefficients. While the expression in Eq. (2.5)
is universal to all g g → X +Y processes, the hard-scattering coefficients are specific to
the considered process. Since the latter are computed within the collinear approxima-
tion, all the transverse-momentum is contained in the convolutions, that are defined the
following way:





(2) (k1T +k2T −q T )w (k1T ,k2T ) f (x1,k21T )g (x2,k22T ) , (2.6)
where w (k1T ,k2T ) are generic transverse weights resulting from the contraction of the
two correlators and are also general to gluon-fusion processes. They are given by:
w2 =













































Eq. (2.5) has two terms that contain a convolution of h⊥g1 (x1,k1T ) and h
⊥g
1 (x2,k2T ) with
different transverse weights; one is multiplied by a cos(4φCS) factor, while the other is
independent of the azimuthal angle. To understand this, it is instructive to look at the
correlator and cross section as functions of the helicity of the gluons. A possible choice to












































(2)(k1T +k2T −q T )












where the helicity amplitudes and correlators are simply their bare equivalents contracted
with the polarisation vectors of a given helicity state:
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Γµν (x,k T ) . (2.11)
While the amplitudes are process dependent, the correlators are not and provide some
interesting insight on the gluon TMDs in the unpolarised proton. Their expressions are as
follows:


















with n = −1 for the first gluon and +1 for the second one. From Eq. (2.12), one sees that
each term of the correlator corresponds to specific gluon helicity configurations. The first
term multiplies the number density distribution f g1 with a Kronecker symbol δλ,λ̄ which
enforces that the helicity of the gluon entering the hard-scattering amplitude is equal to
that in the complex conjugate. This is always the case in the collinear approximation
where no interference with reversed helicity states contribute to the cross section. How-
ever one can see that the second term of the gluon TMD correlator that contains h⊥g1 also
contains a δλ,−λ̄ which flips the helicity of the gluon in the conjugate amplitude. It is then
straightforward to see that the hard-scattering coefficients are sums of helicity cross sec-
tions containing zero, one or two helicity flips between the amplitude and its conjugate.
Hence F1 corresponds to the sum of helicity cross sections with no flip, F3 and F ′3 are the
sums of single-flip contributions and F2 and F4 are the sums of the double-flip ones. To
understand the reason why double-flip contributions are separated in two terms with a














k̄1, k̄2; q1, q2
))∗
, (2.13)



























Therefore F2 corresponds to double-flip cross sections for which the two gluons of one
amplitude have the same helicity, while F4 corresponds to double-flip cross sections
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with initial-state gluons of opposite helicities. It happens that helicity amplitudes
with two gluons that have opposite helicities carry a phase e±2iφCS regardless of the
considered two-particle final state, while same-gluon-helicity states have no azimuthal
phase. Knowing this, it is already obvious that cross sections in F2 cannot generate
a φCS-dependence. While some of the amplitudes in F1 can have a phase, they will
always combine with a complex conjugate that cancels the phase, making the whole
cross sections and the hard-scattering factor φCS-independent. One therefore requires
a helicity-flip contribution to the cross section in order to generate a possible azimuthal
asymmetry. This is what happens with F3 that combines an amplitude with two opposite-
helicity gluons (with a phase) with an amplitude with same-helicity gluons (no phase). In
this case, the product of the amplitudes does not cancel the phase out, and one can factor
out e2iφCS + e−2iφCS ∝ cos(2φCS) from F3, as well as F ′3. The situation is similar for F4
where both amplitudes have a phase, but these generate a constructive interference that
leads to a factor e4iφCS +e−4iφCS ∝ cos(4φCS) that can be extracted from F4, generating an
additional azimuthal asymmetry in the TMD cross section. It is then understood that the
phase of the amplitudes used in the definition of the Fi coefficients are taken at φCS = 0,
the entire azimuthal dependence being explicitly shown by the cosines in Eq. (2.5).
If one rewrites the hard-scattering coefficients as functions of the linear polarisation








Mµν with T1,2 = x or y such that ελ = εx + iλεy , they
yield the following expressions:
F1 = |Mxx |2 +
∣∣Mx y ∣∣2 + ∣∣My x ∣∣2 + ∣∣My y ∣∣2 ,
F2 = 1
2
∣∣Mxx +My y ∣∣2 − 1
2
∣∣Mx y −My x ∣∣2 ,
F3 =−|Mxx |2 −
∣∣Mx y ∣∣2 + ∣∣My x ∣∣2 + ∣∣My y ∣∣2 ,
F ′3 =−|Mxx |2 +
∣∣Mx y ∣∣2 − ∣∣My x ∣∣2 + ∣∣My y ∣∣2 ,
F4 = 1
2
∣∣Mxx −My y ∣∣2 − 1
2
∣∣Mx y +My x ∣∣2 , (2.15)
from which one can infer the bound: F (
′)
2,3,4 ≤ F1. Although one cannot extract one TMD
independently of another one in a gluon-fusion process since the two always come to-
gether inside a convolution, it is possible to extract TMD convolutions using a model for
the TMDs as we will see in the next chapters. The convolutions then give information
on the TMDs, although the model-dependence remains. In order to isolate one type of
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When one computes the φCS-integrals for n = 0,2,4, one gets:
































n = 4 :
∫ 2π
0
dφCS cos(4φCS)dσ=πAF4C [w4h⊥g1 h
⊥g
1 ] , (2.17)
where A is a common pre-factor from the expression of the differential cross section un-
der consideration that cancels in the ratio of 〈cos(nφCS)〉. The integral selects the contri-
butions associated with one type of φCS-(in)dependence, and the observable 〈cos(nφCS)〉







































Therefore one sees that 〈cos(2,4φCS)〉 corresponds to the relative size of the cos(2,4φCS)-
modulations of the cross section with respect to the azimuthally invariant component,
up to a factor 1/2. On the other hand, when one integrates the cross section over the
azimuthal angle, the azimuthal asymmetries vanish and one is left with the transverse-
momentum spectrum that is dependent on the two first terms of Eq. (2.5). It is
understood that an integral on 〈cos(nφCS)〉 corresponds to integrating the numerator
and denominator separately.
Similarly to the collinear case, including initial-state radiations inside the TMD defi-
nitions is necessary and implies a dependence on the renormalisation scale µ. However,
the TMD correlators suffers the presence of extra divergences that need to be removed.
This makes the evolution of TMDs fundamentally different from that of PDFs, which is
the topic of our next section.
2.3 Evolution in the TMD formalism
It was shown in [43] that distributions unintegrated over all partonic transverse momenta
present divergences when the gauge links entering their definition were taken along
a lightcone direction. The divergence arises from gluon contributions with infinite
negative rapidity, i .e. zero “+” momentum. As such, they are different from collinear
divergences. A solution to remove these divergences is to set the gauge links slightly off
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the lightcone (n− 6= 0), which is equivalent to introducing a cut-off parameter ζ on the
gluon rapidity. The value of the cut-off sets the shift of the gauge link: ζ2 = (2P ·n)2/n2 so
that gluons with rapidity yn larger than lnn+/n− are excluded from the distribution [44].
The TMD therefore undergoes evolution with the rapidity scale ζ.
Implementing evolution in TMDs is more easily done in bT -space, where convolu-
tions become simple products. We will start by defining TMDs in bT -space and compute
the corresponding convolutions, before giving the evolution equations they follow and
the solutions and prescriptions that will be used for phenomenological study.
2.3.1 TMD convolutions in bT -space



















e−ibT ·k T h⊥g1 (x,k
2
T ;ζ,µ) , (2.19)
Let us note that the quantity h̃⊥g1 is not exactly the Fourier transform of h
⊥g
1 , as we see a
transverse weight included in the integral. The function defined here is actually propor-
tional to the second b2T -derivative of the Fourier transform of h
⊥g
1 . It is more practical to
take this definition as it will actually always be the one appearing inside the convolutions,
which simplifies the expressions while still allowing us to connect it to its momentum-
space analogue. Computing the various convolutions from Eq. (2.5) with the correspond-
ing TMDs and weights of Eq. (2.7) yields the expressions:





































































T ;ζ2,µ) . (2.20)








1 ] under an exchange
of the gluon momentum fractions. We see that the convolutions take a rather simple
form, where the TMDs multiply each other inside the integral, without the presence of
transverse weights that are absorbed in the definition of h̃⊥g1 . The angular structure of
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the convolutions is only reflected in a Jn(bT qT ) function that is a Bessel function of the
first kind. Convolutions that are not associated with azimuthal modulations contain J0,
while the cos(nφCS)-modulations have convolutions with Jn for n = 2,4. We provide a
demonstration of the fourth line of Eq. (2.20) in Appendix B as an example. Let us recall
that Fourier-transformed TMDs are not impact-parameter distributions: the argument
bT does not represent the position of the parton in the transverse plane but a separation
between the two gluon fields in the operator definition, much like ηT in Section 2.1. Now
that we have defined the TMDs and their convolutions in bT -space, we are going to use
their evolution equations to evaluate them at different scales. This will allow us to get rid
of possibly large logarithms arising from perturbative corrections and focus on the exclu-
sively nonperturbative component of TMDs.
2.3.2 The scale dependence of TMDs
A correct definition of TMDs that is free of the aforementioned divergences can be found
in [45]. In this definition, each TMD entering a two-parton scattering absorbs a square
root of a combinations soft factor. One obtains the Collins-Soper-Sterman (CSS) equation
by differentiating the soft factors that use Wilson lines of rapidity yn with respect to yn :




= K̃ (bT ;µ) . (2.21)
The CSS kernel K̃ can be perturbatively computed at large energy scales, which corre-
spond to small distances bT . This kernel is universal: it is flavour- and spin-independent
for all quarks, and does not depend on the longitudinal momentum fraction x or the con-
sidered hadron. It is different for quarks and gluons as it depends on the colour repre-




=−γK (αs (µ)) . (2.22)
In addition, we write the RGE for the TMD itself:
∂ ln f̃ (x,bT ;ζ,µ)
∂ lnµ
= γ(αs (µ);ζ/µ2) = γ(αs (µ);1)− 1
2




where the second equality can be obtained using the previous equations. One can use
these equations to express the Fourier-transformed TMD at one scale set (ζ,µ) as product
of its equivalent at a different scale (ζ0,µ0) and a Sudakov factor e−1/2S A (bT ;ζ,ζ0,µ) which
reads:
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While the renormalisation scale µ should be set around the hard scale µ ∼ Q in order
to avoid large logarithms of µ/Q, the TMDs should be evaluated at their natural scale√
ζ0 ∼ µ0 ¿ µ,ζ (one gets ζ1ζ2 ∼Q4 from their definition). This allows one to avoid large
logarithms of µ/µ0 and ζ/ζ0. We will set the large scales to be the hard scale:
√
ζ,µ = Q
while the low scales will be
√
ζ0,µ = µb = b0/bT with b0 = 2e−γE . The Sudakov factor
resums the logarithms and allows one to evolve the TMDs between from one scale to
another.
2.3.3 Organising the perturbative and nonperturbative content of the
TMD
The TMD scale µb should be much smaller than the hard scale Q, but it is also interesting
to keep it in the intermediate range where it is also sufficiently larger than the nonper-
turbative scale Λ. In this area, TMD factorisation remains valid but the scale is still large
enough to allow for a perturbative expansion of the Sudakov factor and the TMDs them-
selves. Computing the leading terms in the αs -expansion of K̃ , γ and γK , one gets at
next-to-leading logarithmic accuracy (NLLA):
































with C A = 3, T f = 1/2 and n f the number of active flavours. The unpolarised gluon TMD
f g1 at leading order in αs is the gluon collinear PDF:
f̃ g1 (x,b
2
T ;ζ,µ) = fg /P (x;µ)+O (αs )+O (bTΛ) . (2.26)
On the other hand, h⊥g1 requires a helicity flip and therefore an additional gluon exchange.
Its perturbative expansion will therefore start at O (αs ) as a sum of splitting functions from




















+O (α2s )+O (bTΛ) , (2.27)
As said previously, these expressions are only valid within a given range of bT (or equiva-
lently µb): at large bT , the perturbative expansion in αs fails while at small bT , the scale
µb becomes larger than the hard scale where the evolution should stop. There are many
methods to restrict the use of the perturbative expressions to their domain of validity [47].
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bc (bT ) has a lower bound b0/Q such that µb remains lower than the hard scale Q. Then
b∗T , in addition to inheriting the lower bound of bc , cannot get larger than a parameter
bTmax . This parameter roughly sets the limit at which one cannot trust perturbative com-
putations anymore. The value of bTmax can be chosen to optimise fits of TMDs. Fits from
Drell-Yan as well as W, Z production use the value bTmax = 1.5 GeV−1 [48, 49, 50, 47, 51].
Naturally since we limit the range of our expressions to bT < bTmax , one needs to add a
component that takes over as the bT -integrals of TMD convolutions run to infinity. This
component is intrinsically nonperturbative and can only be extracted from data. It is usu-
ally called a nonperturbative Sudakov factor and encodes the discrepancy between the
perturbative expansion of TMDs inside a cross section and their actual value. If one takes
all the elements developed in this section to rewrite the TMD convolutions including the
nonperturbative Sudakov factor SNP, they read:







bT J0(bT qT )e
−S A (b∗T ;Q2,Q)e−SNP(bc )
















bT J0(bT qT )e
−S A (b∗T ;Q2,Q)e−SNP(bc )
















bT J2(bT qT )e
−S A (b∗T ;Q2,Q)e−SNP(bc )
















bT J4(bT qT )e
−S A (b∗T ;Q2,Q)e−SNP(bc )






b ,µb) . (2.30)
We see that the b∗T -prescription that encompasses the bc -prescription is applied to the
perturbative Sudakov factor and the TMDs, while only the bc -prescription is applied
to the nonperturbative Sudakov factor, as the latter is supposedly describing physics
beyond bTmax . Let us note that since SNP describes intrinsic nonperturbative physics
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of the TMDs, it is in general different for different combinations of two TMDs. For




1 ] is expected to be different from




1 ], although the CSS formalism tells us that part
of it should be universal. Usual constraints are that SNP should be zero at small scales
where the perturbative computations are valid, and should eventually (smoothly) vanish
at large distances in order for the convolutions to converge. In addition to the model
chosen, SNP naturally depends on the prescriptions used to separate the perturbative
and nonperturbative components inside the convolution.
While quite elaborate fits of SNP are available for quarks [50], no data are available at
the moment to realise a proper extraction of gluon TMDs. Although gluon densities are
very important in protons at the LHC, there is no process that allows to access the gluon
TMDs as easily as the quark ones. In the first place, only a handful of processes exist
for which a proof of TMD factorisation could clearly be established that are in major-
ity quark-induced. Therefore one needs to find new processes where TMD factorisation
could reasonably be expected to hold, in order to give us access to new observables that
would allow in particular to study the gluon TMDs. As we will see in the next chapters,
quarkonium production processes could be the way to extract these TMDs, as such reac-




The era of quarkonium physics starts in 1974, when two groups simultaneously dis-
cover a new particle of mass approximately equal to 3.1 GeV: the J/ψ, whose signal
was observed in e+e− collisions for one team and in p−nucleus collisions for the
other [52, 53]. This was the so-called "November revolution". A slightly heavier reso-
nance called ψ′ was also detected that would be understood to be an excited state of
the J/ψ (the former is also named ψ(2S)). Their quantum numbers were J PC = 1−−
so the same as the photon. Their hadronic nature was showed first through the ratio
R = σ(e+e− → hadrons)/(e+e− → µ+µ−) that was higher at the resonance, meaning that
these particles were directly decaying into hadrons. Particles with charge conjugation
C 6= −1 were found later (firstly the χc in 1975 [54]) as their production in e+e− collisions
happened through the decay of a ψ(3S) (or ψ′′) state. It became clear that the J/ψ was
the lowest-mass cc̄ bound state with the quantum numbers of the photon, allowing it to
be easily produced in e+e− colliders by fragmentation of a virtual photon into a quark
pair. The analogy with a bound pair e+e−, that is a positronium, had physicists call a cc̄
state a charmonium. This was a milestone in the confirmation of the existence of quarks
as physical entities and not only mathematical objects used to describe symmetries in
hadrons. Although the charm in charmonia was hidden, the discovery of D mesons in
1976 [55], that have open charm and undergo P-violating decays where the charm weakly
decays, only confirmed further its existence [56]. The years following the November
revolution saw the discovery of several heavy hadrons and the proof of existence of the
charm quark.
However, more hadrons were to be discovered. The discovery of the Υ meson that is
the equivalent of the J/ψwith bottom (or beauty) quarks was made in 1977 [57]. This was
again followed by the discovery of excited states of Υ (right after for the Υ(2S) and other
bottomonia, as well as open beauty mesons in 1980 [58]). Tables 3.1 and 3.2 summarise
the characteristics of the main charmonia and bottomonia that have been observed.
In this chapter we will explore the vast topic that is quarkonium production. We will
see how various production mechanisms can (or cannot) be employed to describe the
large amount of quarkonium data. Indeed, quarkonia are, in theory, the simplest hadronic
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Meson n2S+1L J J PC Mass (GeV)
ηc 1 1S0 0−+ 2.980
J/ψ 1 3S1 1−− 3.097
χc0,1,2 1 3P0,1,2 0++,1++,2++ 3.415,3.511,3.556
hc 1 1P0 1+− 3.523
ηc (2S) 2 1S0 0−+ 3.594
ψ(2S) 2 3S1 1−− 3.686
Table 3.1: Charmonium states and their characteristics
Meson n2S+1L J J PC Mass (GeV)
ηb 1
1S0 0−+ 9.389
Υ(1S) 1 3S1 1−− 9.460
χb0,1,2(1P ) 1
3P0,1,2 0++,1++,2++ 9.860,9.893,9.913
Υ(2S) 2 3S1 1−− 10.023
χb0,1,2(2P ) 2
3P0,1,2 0++,1++,2++ 10.232,10.255,10.269
Υ(3S) 3 3S1 1−− 10.355
χb1,2(3P ) 3
3P1,2 1++,2++ 10.513,10.524
Table 3.2: Bottomonium states and their characteristics
bound states that can exist, owing to their nonrelativistic nature as we will see soon. Nev-
ertheless, their production remains very challenging to describe. Much progress has been
made but many features of the data are left unexplained. We will first describe the main
models used to describe quarkonium production. We will then see how well they can de-
scribe data for inclusive quarkonium production. We will finally consider the specific case
of polarised quarkonium production, and how the models so far failed to account for the
production rates observed in the colliders.
3.1 Production mechanisms
Models attempting to depict quarkonium production in hadronic collisions usually use
factorisation to divide the production process into a short-scale partonic scattering, lead-
ing to the creation of a QQ pair and computable in perturbative QCD, from the long-scale
evolution towards a bound state, that is the quarkonium. The latter can be described by
a mechanism specific to the model. The motivation behind the idea of scale separation
between the hard scattering and the hadronisation can be found in the study of the char-
monium spectroscopy. Indeed, as showed in Tables 3.1 and 3.2, the observed bound states
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of cc̄, bb̄ can be classified using nonrelativistic-quantum-mechanics numbers and their
masses can be computed with good agreement with the data using a Coulombic poten-
tial completed with a confinement term [59, 60]. The possibility to use a nonrelativistic
potential and the fact that the mass of the mesons are close to that of their constituent
quarks indicates that the bound state can be represented as a cc̄ pair with small relative
velocity v2 ¿ 1. Moreover, since the coupling constant remains small, any extra colour ex-
change is αs -suppressed. One can therefore assume in first approximation that the quark
pair does not undergo any additional interaction before binding, and thus has the same
quantum number as the charmonium it forms. Originating from these considerations,
the Colour-Singlet Model (CSM) is one of the earliest attempts at describing the quarko-
nium hadronisation process, initially for ηc and χc production [61]. It corresponds to an
on-shell QQ pair binding without any additional final-state interaction. This implies that
the spin and colour of the quark do not change during the process. As the final physi-
cal state must be colourless, the pair is required to be created in a colour-singlet state,
hence the name of the model. Moreover, quarkonia masses are not much larger than the
QQ mass; this means the quarks inside the bound state have a small relative momentum
δq and are approximated to be at rest in the meson frame, (δq = 0). The only nonper-
turbative component entering the computation of the production amplitude is then the




φ(δq)M (δq)δ(δq0)dδq 'M (δq = 0)ψ(x = 0) , (3.1)
with δq the relative momentum of the quark in the pair rest frame, φ(δq) contains the
Schrödinger wave function and will be defined soon, M is derived from the partonic
scattering amplitude and ψ(0) is the coordinate-space wave function at the origin. Note
that this expression is valid for S-waves; in the case of P-waves, ψ(0) is zero and the sec-
ond term in the Taylor expansion of M in δq must be taken, featuring ψ′(0). Fortunately
the wave function at the origin also appears in the computation of the leptonic decay
width of the meson, and can therefore be independently extracted from measurements.
This gives to the CSM a great predictive power, as the only non-computable input can be
extracted from decay data.
The differential cross section for inclusive single quarkonium production pp →Q+X






dx1dx2 fg /P (x1,Q) fg /P (x2,Q)2ŝ qT
1
16πŝ2
|M (k1,k2; q)|2 , (3.2)
where y is the rapidity of the quarkonium; fg /P (x,Q) is the collinear PDF of a gluon inside
a proton, the scale Q is set as the hard scale of the process i.e. Q = MT =
√
M 2 +q2T ; the
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parton-scattering amplitude M is averaged over the initial colour states, and summed
over the final colour and possible polarisation states if one intends to study unpolarised
production. It can be expressed as follows:









where O corresponds to the amplitude without the quark spinors involved in the quarko-
nium bound state. The amplitude can therefore be computed using amputated Feynman
diagrams. The spinors are included in the Bethe-Salpeter wave function of the bound
state φ(q,δq). Since |δq | is small compared to the non-relativistic bound state mass M ,
one can expand the wave function the following way:
φ(q,δq) ' 2πδ(δq0) ∑
Lz ,Sz
ψLLz (δq) 〈LLZ ;SSz | J Jz〉PSSz (q,δq) . (3.4)
ψLLz is the Schrödinger wave function, and the brakets are the relevant Clebsch-Gordan























(q +2δq +M)εSz (q)(−q +2δq +M) , (3.5)
whose leading term in the δq-expansion is given in the case of a triplet state (γ5 replaces
δq for a pseudoscalar state) and uses the Feynman slash notation: a = aµγµ. The vector
εSz denotes the polarisation vector of a triplet state. One can then fix δq = 0 inside of
O(k1,k2; q,δq) and PSSz (q,δq), leaving the only dependence on δq in the wave function.
Inserting (3.4) in (3.3) allows integrating over the δq0 variable using the Dirac delta:






ψLLz(δq) 〈LLz ;SSz | J Jz〉
× Tr[O(k1,k2; q,0)PSSz (q,0)] . (3.6)
It is then justified to expand the latter expression in powers of |δq | and keep only the first
non-vanishing term. For S-waves (L = 0, S = J ), it is the static approximation |δq | = 0. The











= ψ̃00(r = 0) , (3.7)
whose modulus is directly proportional to that of the radial S-wave function at the origin
in the coordinate space, |R0(0)|:
|ψ̃00(r = 0)| = 1p
4π
|R0(0)| . (3.8)
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The amputated hard scattering matrix element O contains the following Clebsch-Gordan
coefficients encoding the colour-singlet state of each qq̄ pair:
〈3i ; 3̄ j |1〉 = δi jp
Nc
. (3.9)
The contraction of these Clebsch-Gordan coefficients with the SU(3) generators of the
qq̄g vertices from the hard part result in a Kronecker delta δab , with a and b the colours
of the initial gluons. To summarise, the CSM uses a set of reasonable hypotheses to
compute quarkonium-production processes. Although it describes the hadronisation of
a quark-antiquark pair that is beyond the validity domain of perturbative QCD, it requires
only one parameter that needs to be extracted from data. However, it cannot be applied
to compute the P-wave quarkonium decay rates into light hadrons that know an infrared
divergence in the CSM [62], hinting at a breaking of factorisation.
While the CSM only considers a QQ̄ pair with quantum numbers identical to that
of the bound states it evolves into, it was proposed that higher Fock states, for example
containing one gluon in addition to the pair, could cancel this IR divergence. In such a
state, the cc̄ pair is in a colour-octet state, that forms a colour singlet with the comple-
mentary gluon. In 1992, an effective field theory was proposed to improve the description
of quarkonium production and annihilation. It proposes a systematic expansion of the
physical quarkonium state in a sum of all possible Fock states. The terms are organised
in the expansion by powers of αs and the quark velocity v = δq/mQ in order to trun-
cate the expansion at the desired accuracy. This EFT is called NonRelativistic QCD or
NRQCD [63, 64, 65]. For example, the expansion of the wave function for a vector S-wave
quarkonium state reads:
|Q〉 =O (1) |QQ̄ [3S(1)1 ]〉+O (v) |QQ̄ [3P (8)J g ]〉+O (v2) |QQ̄ [1S(8)0 g ]〉
+O (v2) |QQ̄ [3S(1,8)1 g g ]〉+O (v2) |QQ̄ [3D (1,8)J g g ]〉+ ... . (3.10)
In this expression, the superscript number in parenthesis indicates the colour state of
the quark pair, while the O (vn) factor is the power in the velocity expansion at which the
corresponding Fock state appears. It can be found following the velocity scaling rules of
NRQCD. The αs power of a term is deduced from the Feynman diagrams needed to pro-
duce the partons entering a given Fock state. Using this formalism, one can also factorise
the cross section of a reaction into a sum of partonic cross sections creating a QQ̄ pair
(and possibly other partons entering a Fock state) each multiplied by a Long-Distance
Matrix Element (LDME) containing the transition toward the physical quarkonium state:
dσ(Q+X ) =∑
Q
dσ(QQ̄[2S+1L(1,8)J ]+X )〈OQ[2S+1L(1,8)J ]〉 , (3.11)
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where dσ(QQ̄[2S+1L(1,8)J ] + X ) is the partonic cross section and 〈OQ[2S+1L(1,8)J ]〉 is the
LDME. The latter is defined in terms of operators as the creation and annihilation of a












† Aχ , (3.12)
where φ and χ are the heavy-quark spinors and the A factors can be retrieved using the
Lagrangian of NRQCD. The LDMEs can be visualised as describing the probability that
a perturbatively-generated quark pair will evolve into the relevant physical state. The
CSM that corresponds to the static approximation v = 0 is in fact the leading contribu-
tion to NRQCD, provided that this contribution is nonzero for the considered bound state.
NRQCD is a sound approach to take into account corrections to the static approxi-
mation in a way that allows one to select the most relevant contributions only. However
it lacks the predictive power of the CSM as each term of the expansion is accompanied
by a phenomenological factor that requires to be extracted from data and cannot be
extracted from decay widths nor computed in lattice studies [66]. This does not mean
that NRQCD has no predictive power as the LDMEs are supposed to be universal (in the
sense independent from the partonic cross section they factorise) and their values, once
measured, can thus be used in all the processes they enter. We will see in the following
that there is some tension between this presumed universality and some data.
Another model was introduced in the early years of quarkonium physics in an attempt
to describe their production: the Colour Evaporation Model (CEM) [67, 68]. This model
does not postulate that the quark-antiquark pair is produced in a colour singlet state that
directly hadronises without any additional interaction. The pair is instead assumed to
undergo a large number of soft interactions that eventually produce a colour singlet that
evolves into the physical bound state. Since these numerous random interactions com-
pletely decorrelate the quantum numbers of perturbatively produced partons from that
of the pair forming the bound state, even a single gluon can evolve into a physical state,
which is not allowed by colour conservation in the CSM. For example, the cross section to
produce a charmonium in this picture is:







One indeed sums the partonic cross section for the production of a cc̄ pair from the
threshold 2mc to the production threshold of a pair of D mesons. Since the probability
for a pair in a random state to be in a colour-singlet state is 1/9, the cross section
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is weighted by this probability. The model is limited by its simplicity, for example it
cannot account for the difference between the production rates of J/ψ and χc mesons in
photoproduction and hadroproduction.
Quarkonia may also be produced through the decay or de-excitation of heavier states.
It was first noted that a significant fraction of ψ mesons could originate from the decay
of B mesons [69]. This component of charmonium production is called non-prompt and
actually encompasses all channels where the charmonium is created from the decay
of a meson containing b quarks. Some experimental collaborations manage to isolate
non-prompt charmonia by detecting the distance between the B creation vertex and its
decay into a charmonium, allowing one to extract the prompt component. Within this
prompt component, a charmonium may still be created via the decay or de-excitation
of a heavier one, for example a J/ψ meson can come from the decay of a χc or the
de-excitation of a ψ′. The fraction of quarkonia that are directly generated by a hard
scattering and not the decay of a higher mass state is called the direct component. It is
generally not possible to extract the direct component alone. J/ψmesons created fromχc
decay require the detection of the de-excitation photon in order to be properly identified,
which is possible but not systematically done. One must therefore keep in mind that
quarkonium production data usually contain a non-direct fraction of events that need
to be isolated. The case of bottomonium production is similar to the charmonium case
except that all bottomonia are naturally prompt.
Now that we have seen what the main mechanisms considered to describe quarko-
nium production are, we will give a brief account of their capability to correctly predict
various related cross sections, and how progress was made over the decades.
3.2 Explaining inclusive quarkonium production data
The CDF collaboration managed to extract the prompt component of J/ψ andψ′ produc-
tion at the Tevatron [70]. It was discovered that the CSM predictions (using leading-order
in αs hard-scattering amplitudes) for ψ production were strongly undershooting the
data. The ψ′ predictions were several orders of magnitude lower than the data; the
discrepancy was less pronounced for J/ψ, but this was likely due to the feed-down from
χc decay that still contributes to prompt production [71]. The failure of the LO CSM to
describe the CDFψ data has triggered a lot of theoretical and experimental effort in order
to solve this puzzle.
One of the most plausible explanation was logically contributions from coloured
QQ̄ pairs that evolve toward a physical bound state through a different mechanism,
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then label Colour-Octet Mechanism (COM). In particular, the fragmentation of a gluon
into a QQ̄ pair emitting other gluons before hadronising was showed to be potentially
dominant at large transverse momentum, despite being an order higher in αs [72]. The
authors of [73] show that including CO corrections allows them to describe properly the
Υ(1,2,3S) qT -differential cross sections from CDF data [74]. However, global fits to world
J/ψ data give different values for the LDMEs, and it remains very difficult to describe all
data with one set of values [75, 76, 77].
On the other hand, the CDF and ATLAS ψ′ transverse-momentum-spectrum
data [70, 78, 79] can be reasonably well described within the CSM by adding higher-order
corrections in αs to the LO computation (NNLO?, i.e. NLO + real gluon emissions).
We note that a gap between the predictions and the data opens with increasing pT .
NNLO? also significantly reduce the discrepancy between theory and data in the case of
Υ production [80].
One should then be very careful when assessing which mechanism dominates the
production, as it seems to be strongly process-, fit- and kinematics-dependent. Reviews
on the topic allow one to grasp the complexity of the topic and the need to treat each
process separately [81, 82, 66].
Even though the various quarkonium production mechanisms can usually manage to
describe the available cross-section data when adding relevant corrections, they mostly
fail in describing the quarkonium polarisation measurements. Let us start with some re-
minders about polarised production and polarisation measurements. The spin of a final-
state particle cannot be directly measured. In the case of an unstable particle, one can
infer information about its spin state from the angular distribution of its decay products.
This information is in most cases greatly truncated, as it can be strongly correlated with
other particles generated in the final state that are not measured. Furthermore, in the case
of hadronic collisions, the momenta of the interacting partons are not known and there-
fore integrated over all possible values, diluting even more the information. In the case of
a two-body decay, one can observe the polar angle θ of the aligned momenta of the pair
regarding a given axis in the unstable particle rest frame. By using the Spin-Quantisation
Axis (SQA) of the unstable particle as reference axis, the distribution becomes directly
correlated to the probabilities for the projection of the possible spin states along the axis.
In the case of a vector quarkonium decaying into a pair of leptons, one can com-
pute the trace associated with the process QQ̄ → γ? → l+l− contracted with different
polarisations of the initial quarkonium. For a population of exclusively longitudi-
nally polarised quarkonia, the θ-distribution of the dilepton momenta follows 1−cos2θ;
while in the case of transversely polarised quarkonia the distribution behaves as 1+cos2θ.
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For a chosen spin-quantisation axis X , one requires the polarisation vectors to be or-
thogonal to the momentum of the quarkonium: ε ·q = 0, and to be normalised: ε2 = −1.
Since the longitudinal polarisation 3-vector εL is parallel to the SQA, one can build it by











The SQA is usually chosen to lie in the plane formed by the momenta of the two initial
colliding particles. In the gCM frame, the SQA is the sum of the momenta of the gluons:




2 . The projection of the spin of one quarkonium over this axis corresponds
to its helicity in the gluons centre-of-mass frame. The resulting longitudinal polarisation
3-vector εL(qi ) is parallel to the momentum qi in this frame. The hCM frame presents
the same properties in the hadrons centre-of-mass frame: the SQA is defined as the sum




2 . The SQA in the Collins-Soper (CS) frame is
defined as the bisector between P1 and −P2 in the quarkonium rest frame. The SQA is








In order to compute the unpolarised cross section, one can sum over the quarkonium










The general trend is that, where the theory predicts important polarisation of the
produced quarkonium, the experiments measure little to no polarisation. Possible
explanations are that the truncations in the double expansion in αs and v of the NRQCD
factorisation are too restrictive. For example, LO and NLO computations in the CSM
predict drastically different polarisations for either J/ψ or Υ production [84, 85]. Never-
theless, all of these computations predict strong polarisation of the quarkonium, while
the experiment finds values of the polarisation estimator compatible with 0. However,
it could also be that factorisation breaks down in some cases where it was primarily
expected to hold. Improving the accuracy of predictions for the usual processes also
becomes more and more challenging: higher-order in αs computations may stay out of
reach for a long time, and more LDMEs need to be extracted to improve the v-expansion;
worse, LDME values extracted from different processes can be contradictory [86, 87, 88].
Furthermore it seems impossible to make separate polarisation measurements of the
direct and non-direct production components, only the prompt one is accessible. The
feed-down from heavier states contributes to modify the measured polarisation in
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experimental setups.
In this chapter we had an overview of quarkonium production. We described the three
main models used to reproduce data, the CSM, the CEM and the COM implemented via
the effective theory NRQCD that uses a double expansion in αs and v . One can factorise
the hard scattering from the hadronisation process, allowing the use of an αs -expansion
as well for the former. Describing quarkonium production data has proved to be chal-
lenging, as the dominant mechanism is strongly dependent on the process and kinemat-
ics under consideration. The ψ′ production puzzle found potential answers on the theo-
retical side with CO and NLO-NNLO corrections. While such corrections can be used to
describe specific observables, a global description of the world quarkonium production
datasets remains missing. Quarkonium production can be a tool to study other aspects of
the strong interaction, provided that the dominant mechanisms for the considered pro-
cess and kinematics are known. We will see in the next chapter how it can be used to
study the gluon TMDs in pp collisions. In addition to single-quarkonium production, we
will consider the case of associated production, with a specific focus on quarkonium pair
production at the LHC.
Chapter 4
Quarkonia as probes of the gluon TMDs
As can be inferred from Fig. 1.7, reactions inside (anti)proton-proton colliders are initi-
ated by gluon fusion in vast majority. Even processes for which the αs expansion favours
quark-initiated contributions may actually be dominated by higher-order gluon contri-
butions due to the magnitude of the gluon PDF at the considered energies. This is an
advantage that can be exploited to study the gluon TMDs inside the proton with negli-
gible quark contributions that would complicate the analysis. The large centre-of-mass
energies and luminosities that can be reached in these colliders ensure a large number of
events and allow one to study rare processes of interest. The downside is that the large
number and variety of produced particles make it hard to isolate the events one is inter-
ested in. Lepton collisions are more suited for precision measurements, as the relative
simplicity of the electromagnetic interaction implies reactions with lower multiplicity. It
also makes processes like DIS, SIDIS or Drell-Yan ideal probes of the proton as the leptons
that carry information about the proton structure are not subjected to any additional in-
teractions before or after the hard scattering. Nevertheless, we saw in the previous chapter
that quarkonia, which can be considered as the simplest hadrons existing, are an inter-
esting tool for the study of the strong interaction. As said in Chapter 3, their production
mechanisms are still subject to debate and a unified description of all the accumulated
data remains missing. Yet models are usually able to describe specific datasets related
to quarkonium production, at least when considering unpolarised production. Moreover
some quarkonia, like the J/ψ, are produced in copious amounts in hadron accelerators. It
was then natural that physicists got interested in using them as probes of the proton struc-
ture. In this chapter, we will present the main processes that have been considered for the
study of the gluon TMDs, mostly at the LHC. We will then focus on quarkonium-pair pro-
duction and especially J/ψ and Υ production, and will discuss about their potential as
probes of the gluon TMDs inside unpolarised protons. We will finally try to draw a picture
of the advantages and drawbacks of such processes for this purpose.
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Figure 4.1: LO Feynman diagrams for (pseudo)scalar quarkonium production from gluon
fusion.
4.1 Processes of interest for the study of the gluon TMDs
The simplest gluon-fusion initiated process one can think of is the creation of a single
(pseudo)scalar meson in a 2 → 1 process such as the ηc,b or the χc0,b0 (J PC = 0±+). Such a
process is at order α2s at LO as it does not require any extra gluon emission (cf. Fig. 4.1).
The kinematics are very simple, NLO corrections are not expected to be large (they can
be found for example in [89]). Colour-octet contributions are suppressed by a power of
v4 [90] in the ηc,b case.
In the case of χc,b production, there is a colour-octet contribution of same order in v
as the colour-singlet one, but it is suppressed by a 2Nc factor. Single vector quarkonium
production such as J/ψ,Υ or χc1,b1 production from on-shell gluon fusion are prohibited
at leading order by C -parity in the CSM, they require at least an extra gluon emission.
χc2,b2 production is possible from two gluons. These processes have been studied in the
frame of TMD factorisation in [91]. The transverse-momentum spectrum is sensitive to
the two first terms of Eq. (2.5) and therefore to both gluon TMDs for unpolarised protons,
f g1 and h
⊥g
1 . The formalism of the CSM developed in Chapter 3 is used to describe the
hadronisation process, as in Eq. (3.5). The spin projection operator gives γ5 instead of
ε for a pseudoscalar meson in the case of ηc,b production. We recall that in the case of
P-wave production, one needs to take the second term of the expansion of the wave
function in the relative momentum of the quarks, as the wave function itself is zero at the
origin.
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transverse weight w2 is defined as in Eq. (2.7). Comparing the features of the different re-
actions shows that, depending on the parity of the (pseudo)scalar meson under scrutiny,
the effect of h⊥g1 on the transverse-momentum spectrum will change sign. Moreover,
the case of χQ2 production for which contributions from h
⊥g
1 are suppressed provides a
way to compare the spectrum with and without the influence of h⊥g1 . In particular, the
dσ(χQ0)/dσ(χQ2) ratio is simply equal to
3
4 (1+R(q 2T )), and is free of the uncertainty on
f g1 . In addition, the qT -differential cross section normalised by the qT -integrated one
cancels out the LDME and the uncertainty affecting it. Let us note that the scalar case
is very similar to Higgs production, which was also proposed to study gluon TMDs in a
similar fashion (see e.g . [92]).
Quarkonium production processes dominated by the LO CSM contribution are
good candidates for the application of TMD factorisation. The quarkonia do not recoil
against any other particle, therefore their transverse momentum is small and find
its origin in the intrinsic transverse momentum of the initial gluons, hinting at small
factorisation-breaking corrections of order O (qT /Q) where in this case Q = MηQ . More-
over, quarkonium production via CS quark pairs could hamper the appearance of other
factorisation-breaking effects. Indeed, it was showed that in general, TMD factorisation
does not hold for reactions in which the initial and final states of the hard scattering
subprocess are coloured [93, 94, 95]. However, quark-antiquark pairs produced in a
colour-singlet state and hadronising without further interaction as in the CSM can be
seen as very small colour dipoles that could escape factorisation-breaking effects due to
soft gluons, although this would require a general proof. A proof of factorisation exists
for ηQ production up to NLO, where it is showed that soft gluons do not couple with
the leading colour-singlet contribution in the NRQCD expansion [96]. Very recently,
a different factorisation proof for ηQ production was proposed [97]. It uses the Soft-
Collinear Effective Theory (SCET) in order to check the factorisation hypothesis. It is
found that one actually cannot disentangle soft-gluon radiation from the formation of
the bound state. Nevertheless, a TMD factorisation theorem is still possible to establish:
the cross section is the product of a hard-scattering part with a convolution of the two
gluon TMDs, but this convolution contains an extra factor called TMD shape function
that needs to be modelled alongside the TMDs. Regarding P-wave production, there
is a leading contribution from colour-octet states that breaks factorisation beyond the
one-loop level for χQ , and at one-loop level for hQ [98]. A factorisation theorem is derived
for χQ decay into quarks and their fragmentation into hadrons in [99], which requires the
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use of TMD shape functions.
On the experimental side, low-transverse-momentum particles remain challenging
to detect due to their proximity to the beam. Moreover, particles like ηQ are not as easy
to identify as other quarkonia such as the J/ψ which leptonic decay channel allows a
clear identification. It was suggested that detectors with large rapidity acceptance such
as LHCb could still be able to study low-qT (pseudo)scalar quarkonium production
at the LHC. However so far, only two studies of ηc production has been realised by
LHCb (using the ηc → pp̄ decay channel), for mesons with a transverse momentum
of at least 6.5 GeV [100, 101]. This is more than twice the mass of the ηc , placing such
events in a kinematical range where TMD factorisation does not apply. It could be
possible that a fixed-target experiment would facilitate this study thanks to a lower
background [102, 103, 66]. We emphasise that fixed-target setups are complementary
to the normal collider mode as they probe distributions at larger values of x. Another
possibility would be the study of ηb : its mass (around 9 GeV) could be large enough to put
TMD factorisation on firmer grounds, provided that the qT -threshold could be lowered
as LHCb’s 6 GeV threshold would remain too high; moreover, NRQCD corrections are
reduced for bottomonia as v is smaller. However, it remains out of reach at the LHC
owing to its tiny branching to exploitable decay channels. On the other hand, Higgs
production is free of any factorisation-breaking effects due to the absence of colour
in the final state, and the mass of the boson allows one to extend the validity range of
factorisation to transverse momenta large enough to be easily detectable. However, at
these energies, evolution effects which we will talk about later strongly suppress the ratio
R that is then around the percent level [92].
In addition to the difficulty of detecting low transverse-momentum particles, single-
particle final states present the inconvenience of having the hard scale naturally fixed to
be the mass of the particle. Since distributions evolve with the scale under consideration,
such processes can only probe TMDs at one value of the hard scale. Furthermore, not
all of them are sensitive to azimuthal modulations that offer more possibilities to extract




1 ] convolution appearing in the cos(2φ)-asymmetry provides




1 ] allows one to extract h
⊥g
1
independently of f g1 . These limitations disappear when one considers two-particle final
states. Indeed, one can have two particles with large individual transverse momenta,
with a total transverse momentum remaining small (both particles are approximately
back-to-back in the transverse plane). Then even at central rapidities, the pair can
have a large invariant mass that is the hard scale of the process, with a small transverse
momentum. This invariant mass can be tuned with the individual momenta of the
detected particles, allowing one to study the evolution of TMDs with the hard scale.
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Finally, the angle one can define between both particles in the transverse plane makes it
possible to study azimuthal modulations.
ηQ -pair production at low transverse momentum has been studied in [104] at a
centre-of-mass energy of the protons
p
S = 7 TeV. TMD factorisation is expected to hold
as well for this process since it is dominated by colour-singlet contributions up to cor-
rections of order O (v4). It is the simplest 2 → 2 process involving quarkonia and suffers
very low contamination from qq̄ channels. Although the mesons can in this case have a
large transverse momentum that facilitates their detection, the requirement to observe
two at the same time still makes it a rare process, as the number of expected events
is taken down twice by the branching to pp̄. The observables defined are equivalent
to those in Eq. (2.17) integrated over all but the meson rapidity. The process presents
the interesting feature to maximise the effect of h⊥g1 in the transverse-momentum
spectrum, i .e. the hard scattering coefficient F2 can be equal to F1. The author argues
that the φ-invariant and cos(2φ) cross sections could reach values of the order of the
femtobarn after application of the squared branching ratio, and may be observable at
a high-luminosity LHC (the cos(4φ) cross section remains too small). These results are
obtained by saturating the positivity bound for h⊥g1 , therefore maximising its effects on
the cross section.
Another process that has been considered is the production of a J/ψ or Υ meson in
association with a photon: g + g → Q+γ [105]. The radiation of a photon by one of the
quark lines allows the process from gluon fusion, unlike single J/ψ or Υ production. As
there is a photon in the final state, it is of order α2sα
2 at leading order. It can be showed
for this process too that quark-antiquark annihilation is negligible compared to gluon
fusion. Colour-octet contributions are generally not dominant [106, 107, 108]. In [105],
the authors estimated that in the case of Υ + γ, the CS contribution is roughly two
orders of magnitude above the CO over the whole considered range of invariant masses
(between 20 and 40 GeV), while in the J/ψ+γ case, the CS dominates for invariant masses
up to 20 GeV. Moreover, CO contributions can be additionally suppressed by isolating
the quarkonium: at sufficiently large transverse momentum, soft emissions occurring
during the hadronisation of the QQ̄ pair become energetic enough to be detected as they
get boosted in the lab frame, and such events can then be discarded as colour-octet. The
TMD cross section for this process presents an interesting peculiarity: the F2 coefficient
is zero, in total contrast with the double ηQ case. This has as a consequence that the
transverse-momentum spectrum is free of any dependence on h⊥g1 , allowing for a clean
extraction of f g1 from this observable. In order to make predictions, the authors used
various models of Unintegrated Gluon Distributions (UGDs) computed in the small-x
limit as ansatz for the TMDs. They define observables equivalent to 〈cos(nφCS)〉 but
54 4. Quarkonia as probes of the gluon TMDs
with the convolution C [ f g1 f
g
1 ] in the denominator integrated over PQγT . They note
that the transverse-momentum spectrum measured in bins of 1 GeV would allow one to
determine the shape of h⊥g1 , while a measure of the 〈cos(2φCS)〉 observable integrated
over PQγT would prove h
⊥g
1 to be nonzero. Although F3 is power-suppressed in MQγ
while F4 scales like F1, the cos(4φCS)-asymmetry again appears to be too small to be
measurable, while the suppression for the cos(2φCS) is not crippling (we recall that TMD
evolution is not accounted for in the analysis). One could wonder about the possibility of
considering a two-photon final state [109]. We note that while isolation is not necessarily
required for the quarkonium, the photon has to be isolated in order to be identified from
background, requiring a minimal transverse momentum of about 10 GeV. Each photon
needs to be detected which represents a challenge, but there is also much background
from π0 decay, and non-negligible contributions from quark-antiquark annihilation.
For these reasons, it appears that photon-pair production is not so suited for the study
of the gluon TMDs. Furthermore, the production of a J/ψ or Υ meson in association
with a virtual photon or Z 0 boson has been studied in [110]. However in this case, the
TMD-related effects are expected to be too small to be accessed in the data.
Q+γ can also be studied at a fixed-target experiment. The lower multiplicity would
make photon isolation easier, with lower transverse-momentum thresholds, especially in
the backward region accessible by such a setup [66]. Despite the large values of x probed
in this configuration (x ∼ 0.65 for MQγ = 10 GeV and Y =-2), gluon fusion remains the
dominant mechanism for this process; CS contributions also dominate for MQγ < 20 GeV.
Therefore Q+γ presents a very good opportunity to realise a first extraction of the gluon
TMDs at large x.
In the next section, we will present the process that we will focus on in this thesis:
J/ψ- and Υ-pair production. We will see the advantages of such a process for the study
of the gluon TMDs at the LHC and discuss the different contributions, and how well they
describe the corresponding data.
4.2 J/ψ- andΥ-pair production
The production of a pair of identical S-wave vector quarkonia in a proton collision
is a relatively complex hadronic process. The partonic subprocess indeed involves
six partons, the two merging initial-state gluons as well as two pairs of quarks and
antiquarks in the final state: g g → QQ̄QQ̄. At leading order in αs , there are 31 diagrams
contributing to the CS component of this subprocess only. The LO is of order α4s , and
typical CS diagrams are showed in Fig. 4.2 while typical diagrams for the CO component
involve one or two quarkonia being created from a gluon splitting (cf. Fig. 4.3). The total
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Figure 4.2: Typical LO diagrams for double J/ψ orΥ production in the CSM.
uncontracted amplitude can be found in [111] and is symmetrical under the exchange of
the two identical mesons. The corresponding unpolarised squared amplitude matches
that given in [112].
Thanks to the ease of detection of J/ψ mesons, J/ψ-pair production has been
extensively measured at the Tevatron and the LHC [113, 114, 115, 116, 117]. These
studies cover various proton centre-of-mass energies: 1.8, 7 and 13 TeV. Differential
cross sections are provided, although no TMD extraction exists so far. An analysis of
Υ-pair production was also realised by the CMS collaboration, but the sample only
contains some 40 events [118]. A new analysis was published very recently using a
sample of about a thousand pairs [119]. It is possible to compare predictions to ex-
perimental results already available for J/ψ-pair production, although these studies
were not designed to extract gluon TMDs. More double J/ψ data will be available in the
high-luminosity phase of the LHC, and a substantial number ofΥ pairs are to be detected.
As expected from the large proton-proton centre-of-mass energy, one can safely ne-
glect the qq̄-induced contribution [111, 120]. Mixed contributions from g q and g q̄ initial
states can be confidently neglected as well. In the case of a two-meson final state, each
wave function is independently expanded in terms of Fock states. The terms in the total
NRQCD expansion contain products of two LDMEs, so that the powers of v correspond-
ing to each of them also multiply. Therefore the velocity scaling rules of NRQCD give the
pair of spectroscopic states |QQ[3S(1)1 ]〉 |QQ[3S(1)1 ]〉 as the leading contribution to J/ψ-pair
production, that is the CSM contribution. Mixed CSM/COM contributions, where one
meson comes from gluon fragmentation: |QQ[3S(1)1 ]〉 |QQ[3S(8)1 ]g g 〉, are suppressed by
a power v4 with regard to the colour-singlet channel. Spin-singlet S-waves |QQ[1S(8)0 ]g 〉
and spin-triplet P-waves |QQ[3P (8)J ]g 〉 (with J = 0,1,2) are respectively suppressed by v3
and v4 compared to the colour-singlet |QQ[3S(1)1 ]〉. The partial exception to this counting
is the double gluon-fragmentation channel |QQ[3S(8)1 ]g g 〉 |QQ[3S(8)1 ]g g 〉. Even though it
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Figure 4.3: Typical LO diagrams for double J/ψ orΥ production in the COM.
is suppressed in the velocity expansion by a power v8, it also benefits from a kinematic
enhancement that could make it the dominant production mechanism at sufficiently
large PQQT for LO J/ψ-pair production. For these reasons, colour singlet and bi-gluon
fragmentation colour octet are considered to be the main channels needed to describe
this process, at least for small and large PQQT respectively. Mixed production such as
J/ψ+Υ is also interesting as the colour-singlet channel is absent at leading order, making
it a gateway to the study of CO mechanisms [121, 122].
NLO corrections to the hard-scattering amplitude are also important to retrieve the
observed differential cross sections. In the case of quarkonium-pair production, a full
NLO computation is very challenging. A smart approach used to tackle this difficult
problem is to compute only the α5s real-gluon emission corrections. Such computation is
referred to as NLO?. Because the loop corrections, like the LO topologies, suffer a P 2
QQT
-
suppression with respect to the real gluon-emission diagrams, the NLO? computation
becomes a reliable approximation of that of the full NLO at sufficiently large PQQT . The
infrared divergences are regulated by a cut-off; the computation sensitivity to this cut-off
vanishes very quickly with growing PQQT . [120] shows that for J/ψ-pair production,
the NLO? contribution should already dominate the production yield in dσ/dPQQT at
PQQT & 7 GeV, for both central and forward rapidities. It also reproduces the CMS data
on dσ/d|∆y | (∆y being the rapidity difference between the two mesons) for |∆y | < 2,
dσ/dMψψ for Mψψ < 20 GeV and dσ/dPψψT over the entire accessible range [123]. The
agreement with the ATLAS data is quite good as well. The main discrepancies that are
not connected to small PψψT values impairing the NLO
? approximation validity are
located at large Mψψ and ∆y . A result for full NLO double J/ψ production was recently
published [124]; it does not seem to improve the agreement with the different data where
NLO? fails.
When looking at the polarisation of one of the detected J/ψ, one finds that the
addition of the NLO? corrections drastically modify it. While it is slightly longitudinal
at LO (for PQQT & 7 where the NLO
? approximation is valid and a comparison can be
made), it becomes significantly transverse at NLO?. This is to be expected owing to
the new topologies included in the corrections. Such changes in polarisation between
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LO and NLO predictions also occur in single J/ψ or Υ production [66] as mentioned in
the previous chapter, as well as in associated production like Q +γ or Q + g [108]; the
exception is Q+Z 0 which sees no change in polarisation of the meson at NLO [125].
CSM and COM contributions to dσ/dPQQT for J/ψ- and Υ-pair production at the
LHC have been estimated in [111, 122, 123, 126, 127]. The authors of [127] review the
various differential cross sections provided by the LHC collaborations and compare them
with predictions from the CSM at NLO? augmented by a gauge-invariant, infrared-safe
subset of loop-induced contributions, and LO COM with various sets of values for the
relevant LDMEs. We note that the inclusion of colour-octet contributions is in most cases
not necessary to describe the data, or does not significantly reduce the discrepancy. They
can enhance the size of theoretical predictions for some ATLAS data at large rapidity
gap and invariant mass of the pair, but the latter remain lower than the data points. The
relevance of the CO corrections is also varying with the considered values for the LDMEs;
as said previously, while the latter should be universal, different extractions give different
results that undermine the predictive power of the COM. The CO contributions matter
even less in the di-Υ case for which the quark velocity is smaller than inside the J/ψ,
making NRQCD corrections negligible.
Despite the large number of experimental studies on J/ψ-pair production, so far none
of them provided any doubly differential cross section. This would be of great use for a
study oriented toward the extraction of gluon TMDs: indeed, one needs to consider both
the transverse momentum of the pair PψψT and its invariant mass Mψψ in order to make
sure an event lies in the range of validity of TMD factorisation. Even a rough binning
in Mψψ of the transverse-momentum spectra would allow one to select regions where
corrections to the factorisation formula remain reasonably small. From the landscape
depicted in the previous lines of this section, one can safely assume that CO corrections
are negligible in the case of di-J/ψ and di-Υ production: they may only contribute at
large rapidity differences where no model can account for the data and factorisation may
not hold due to interactions with proton remnants. Regarding higher-order corrections,
the most relevant ones are real-gluon emissions at α5s . In such a scenario, the meson pair
recoils against the hard gluon and acquires a transverse momentum which is much larger
than the intrinsic gluon kT , which is also outside of the TMD validity range. Therefore
requiring the quarkonium pair to have a low transverse momentum naturally selects the
LO contribution, which is that we will use in computations. Loop corrections are another
order of αs higher and the ones computed in [127] were showed to not bring significant
modifications of the yields.
We have presented some characteristics of the double J/ψ(Υ) production process, in
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particular the expected importance of colour-octet and higher-order corrections to the LO
CSM, and argued that they have little impact in the phase space relevant for TMD studies.
We therefore believe that the large amounts of data already available and to come, as well
as the possibility to use the LO CSM with the TMD formalism without the need for large
corrections or a serious risk of factorisation breakdown, make J/ψ- and Υ pair produc-
tion very promising processes for a first extraction of the gluon TMDs inside unpolarised
protons at the LHC.
4.3 Double Parton Scattering and feed-down
So far we ignored a hurdle specific to processes with several particles in the final state:
Multiple Parton Interactions (MPI). Indeed (we restrict ourselves to the case of two-
particle final states), pair production can also originate from two separate scatterings:
this process is called Double Parton Scattering (DPS). Two different pairs of gluons from
the colliding hadrons scatter and create each a quarkonium, resulting in the same final
state as the Single Parton Scattering (SPS), which is what we have discussed so far. The
two scatterings can be approximated to be independent. The DPS cross section for pair
production can then be factorised as a product of two single quarkonium production
cross sections, weighted by the inverse of an effective cross section σeff. This parameter,
supposed to be process- and energy-independent if factorisation holds, describes the
effective size of the parton interactions. There is no proof for such a factorisation;
actually, factorisation-breaking effects are a way to study correlations between partons.
σeff is a nonperturbative quantity and needs to be experimentally extracted case by case.
Because of the high gluon densities at the LHC energies, DPS can become as
substantial a source of pairs of quarkonia as SPS. Depending on which contribution
one is focusing on, the other will be a background. It is then of interest to be able to
disentangle them. More specifically, J/ψ-pair production has been analysed in several
papers as an interesting channel for the study of DPS [123, 128]. In these comparative
studies, two methods were used to compute the SPS contribution: one is the regular
NLO? computation in collinear factorisation; the other one uses a Monte-Carlo event
generator including some nonperturbative effects such as initial-state radiation and an
intrinsic transverse momentum for the gluon. Both are globally in good agreement,
as can be seen in [129]. SPS cross sections are largest near the pair mass threshold,
therefore large momentum differences logically are strongly suppressed, leading to a
decrease of the cross section in Mψψ and ∆y . DPS cross sections do decrease with ∆y
too, but do not suffer such an important suppression owing to the presumed absence
of correlation between the mesons. The ratio dσSPS/dσDPS therefore decreases with ∆y ,
and DPS dominates the cross section at large rapidity differences. Adding DPS to the
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cross-section predictions allows reducing the discrepancies with the CMS and the ATLAS
data at large Mψψ and ∆y [114, 116], while DPS remains sub-leading compared to SPS
in the small range. The situation at LHCb is less contrasted. Since there is no PψψT -cut
on the J/ψ, small-PψψT ranges dominate the cross section, where α
5
s corrections are not
necessarily dominant. DPS contributions can already compete with SPS, even at small
Mψψ and ∆y , in particular in the dσ/dPψψT spectrum. This feature is expected to be
even more pronounced in the LHCb study at 13 TeV. Indeed, the DPS estimate provided
in [117] shows that DPS represents a significant fraction of the differential cross sections,
including at small PψψT or Mψψ.
The azimuthal angular correlations observable in dσ/d∆φ could help disentangling
SPS and DPS: the differential cross section should be completely flat for DPS assuming
that the two scatterings are really independent, while it peaks at ∆φ = π (back-to-back
configuration) for LO SPS. However, as soon as one considers higher-order corrections or
initial-state effects, the distribution can be altered as the pair can recoil on hard gluons.
The pair is in a back-to-back configuration in the TMD validity range, provided that
the quarkonia have a large transverse momentum. That configuration corresponds to a
maximal contribution from the LO SPS. In any case, selecting pairs of relatively central
rapidity should limit the impact of DPS over the extraction of the gluon TMDs, although
it is not clear yet how much the DPS would alter such an extraction. Data in ATLAS and
CMS should be relatively free of DPS at central rapidities (below 10% in the integrated
yield [127]). LHCb does not have a threshold on PψT that reduces the number of recorded
events, but the contamination from DPS is then too important to be ignored. An accurate
estimate of DPS is therefore required in order to isolate the SPS component. LHCb
provides an estimate of the DPS contribution to the PψψT -spectrum, one can therefore
subtract it from the data points to obtain the SPS one, provided that the estimate is
accurate.
We finally have a look at the feed-down affecting J/ψ-pair production. The feed-down
from χc mesons, denoted by F
χc
ψψ, is expected to be small. Indeed, g g → J/ψ+χc or
g g → ψ′ +χc is forbidden at LO in αs in the CSM by C-parity. Double χc feed-down is
also expected to be low because of the squared branching ratio that is then strongly sup-
pressive. For these reasons, Fχcψψ should not exceed a few percent [130, 123, 66]. On the
other hand, ψ′ mesons can be produced in a way identical to J/ψ in gluon fusion reac-
tions. The only difference in the cross section is the value of their wave function at the
origin: |Rψ′ (0)|2 = 0.53 GeV3 whereas |R J/ψ(0)|2 = 0.81 GeV3. The branching ratio for the
de-excitation is B(ψ′ → J/ψ) = 55% [131]. As the χc feed-down is approximated to be
small, one can neglect the χc +ψ′ contribution and compute the ratio between direct
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giving a value for Fψ
′
ψψ as high as 50%. Because the J/ψ and ψ
′ respective cross sections
only differ by this (|Rψ′ (0)|/|R J/ψ(0)|)2 ×B(ψ′ → J/ψ) numerical factor, one can simply
link the direct and prompt cross sections through a (1 + Fψ′ψψ/F directψψ ) scaling factor:
σprompt = 2σdirect.
It is interesting to note that in the DPS case, where both scatterings are considered
independent, the situation is quite different. One finds a large χc feed-down, F
χc
ψψ ' 50%,
followed by direct production, F directψψ ' 35% and a smaller ψ′ component, Fψ
′
ψψ ' 20%.
In [123, 66], the authors suggested that the measurement of the different feed-down
fractions could be a test of DPS or SPS dominance that would be independent of the value
of σeff. Similar reasoning can be made about bottomonium production, although there
are more possible excited states than for charmonia, making the feed-down analysis
more complex. The feed-down for Υ-pair production was evaluated to be around 30%,
coming in majority from the de-excitation of Υ(2S,3S) states [132]. Regarding the DPS
estimate, there are in general tensions between the values of σeff extracted from different
processes. In the central low-PΥΥT region, DPS is estimated to contribute for around 5%
of the events [127]. For the di-Υ case, the CMS collaboration estimates in its latest study
σDPS/σSPS ' 25% for |∆y | < 0.5 [119].
While DPS may actually complicate the interpretation of quarkonium-pair production
data, the magnitude and kinematical behaviour of this contribution are currently under
scrutiny so that we should be able to better evaluate its impact in the future. Having
established the advantages and limitations of J/ψ- and Υ-pair production in the phase
space relevant for TMD factorisation, we will in the next chapter include the LO CSM
component in the TMD cross section, in order to make predictions for the transverse-
momentum spectrum and azimuthal asymmetries. We will focus on J/ψ-pair production,
knowing that all the results can be used forΥ by simply changing the numerical values of
the meson mass and wave function at the origin. We will see that, in addition to being
free of large CO or QCD corrections, the hard-scattering coefficients associated with the
process are particularly interesting for the study of the gluon TMDs.
Chapter 5
Predictions for Gaussian TMDs in J/ψ-pair
production
In this chapter of the thesis1, we will show that quarkonium-pair production, and more
specifically J/ψ- and Υ-pair production, could provide access to the gluon TMDs inside
the unpolarised proton. We will first focus on di-J/ψ production and give some further
insight about the hard-scattering coefficients that multiply the various convolutions
appearing in the TMD cross section for this process (cf. Eq. (2.5)). The next step will be
to use a simple model as an input for both TMDs in order to understand the observables
described in the previous chapters and to make predictions for these observables.
The unpolarised distribution f g1 will be modelled using a kT -Gaussian of width 〈k2T 〉
multiplying the gluon collinear PDF, while two different Gaussian-based models will be
used to model h⊥g1 . The first model, described in [134] uses an adjustable width while
always satisfying the positivity bound defined in Eq. (2.3). The second model simply
saturates the positivity bound, allowing for maximal effects of the linearly polarised
gluon distribution on the cross section.
The first observable we will look at is the transverse-momentum spectrum of the
final-state pair dσ/dPψψT . We will see how in the case of di-J/ψ production, this quantity
is quasi-independent of any gluon polarisation-related effect, allowing us to express
it as a function of one unknown parameter only, the width 〈k2T 〉 of the Gaussian f g1
distribution. We will then use this advantage to try and constrain the value 〈k2T 〉 using the
13 TeV J/ψ-pair production LHCb data [133]. We will fit the normalised PψψT -differential
cross section onto the normalised data, and discuss the possible impact of DPS or NLO
contributions over the shape of the LHCb spectrum. In addition, we will consider the
impact of the fitting procedure over the extracted value of 〈k2T 〉, and discuss this value.
Following this, we will compute the associated azimuthal asymmetries and detail the
role of the hard-scattering coefficients and TMD convolutions play in the obtained results.
We will see that the choice of the explored kinematical range conditions the asymmetry
sizes to expect and that these are particularly large for quarkonium-pair production, mak-
1This chapter is largely based on [133].

































































Figure 5.1: Quarkonium-pair production via gluon fusion at LO in the TMD framework
ing it a promising tool for the study of the gluon TMDs.
5.1 Hard-scattering coefficients and TMD models
We have previously explained how quarkonium-pair production at the LHC can be a
potential probe of the gluon TMDs inside the unpolarised proton. The large centre-of-
mass energy ensures that the main production channel is gluon fusion. The selection of
events with a small final-state transverse momentum PψψT allows them to be described
in the framework of TMD factorisation, looking for the related TMD effects in the
transverse-momentum spectrum as well as asymmetries in the azimuthal plane.
As we have seen in Chapter 2, the contraction of the two gluon TMD correlators with
the hard-scattering amplitude for quarkonium-pair production generates four terms in
the factorised cross section. Each of them is the product of the convolution of two TMD
amplitudes and a given transverse weight, from which can arise a cos(nφCS) factor, with
a hard-scattering coefficient that is a specific sum of helicity amplitudes. The definition
of these coefficients denoted F (
′)
1,2,3,4, in terms of helicity amplitudes, is universal to
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all gluon-fusion-induced processes as it stems from the helicity structure of the gluon
correlator (Eq. (2.12)), as does Eq. (2.5). The expressions corresponding to these helicity
amplitudes, that can be perturbatively computed, depend on the considered final state.
In the case of di-J/ψ or di-Υ production, we use the LO amplitude provided in [111]
and contract it with the gluon correlator to obtain the associated hard-scattering coeffi-
cients. One can write the coefficients as polynomials in cos(θCS), with θCS the Collins-


































All the coefficients contain a common pre-factor, whose numerator is N = 2113−4




. They contain the
radial wave function of the quarkonium at the origin RQ(0), as well as the coupling
αs which appears at fourth power at LO. The variable α = 2MQ/MQQ can be tuned to
study the variation of the centre-of-mass energy of the system MQQ . The large-MQQ
limit corresponds to α → 0, while the threshold limit corresponds to α → 1. The fi ,n
coefficients are polynomials in α and can be found in Appendix B.
We observe that for the considered process, the coefficients F3 and F ′3 are equal.
This simplification arises from considering two identical particles in the final state, the
corresponding amplitude being symmetrical under the exchange of the two quarkonium
momenta. When considering the cos(2φCS) asymmetry, the gluon momenta that are
each associated to a different TMD, couple the same way to one or the other quarkonium
momentum. The corresponding hard-scattering coefficients are therefore equal. We
will therefore discuss only F3 in the following, knowing that everything applies equally
to F ′3. Another simplification linked to the identical nature of the final-state particles
is the θCS ↔ −θCS symmetry. As such a transformation amounts to an exchange of the
quarkonium momenta in the rest frame of the pair, it also leaves the hard-scattering
coefficients unchanged. This symmetry is reflected in Eq. (5.1) with the powers of the
cos(θCS) that are always even numbers.
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It is then interesting to look at the form the coefficients take for α→ 0 and cos(θCS) →
0:




















The first observation about (5.2)–(5.4) is that in pair production at central rapidities for
MQQ À MQ , the coefficient F4 becomes equal to F1 and reaches its maximal value.
Such a result has important consequences for the experimental search of the gluon
polarisation inside the proton. Indeed, the size of the cos(4φCS) asymmetry, which
is a direct consequence of the existence of h⊥g1 , occurs to be maximal in a region of
phase-space studied by CMS and ATLAS and where DPS contamination is expected to
be low. Thus, as the asymmetry is maximally sensitive to h⊥g1 in this region covered by
experimental setups, gluon polarisation could be detected provided that the magnitude
of the polarised distribution is not too low. Moreover, we notice that the other coefficients
F2 and F3 scale like 1/M 4QQ and 1/M
2
QQ
at large MQQ . As a consequence, the only h
⊥g
1 -
related effect remaining is the cos(4φCS) asymmetry. While depriving us from additional
TMD-related observables in this favourable kinematical regime, this fact also allows a
more straightforward interpretation of the detection of any azimuthal asymmetry in
quarkonium-pair production data2.





, F2 → 3F1
787
, F3,4 → 0. (5.5)
Every gluon polarisation-related effect is strongly suppressed near the reaction threshold.
In particular, the coefficient F2 remains small in the whole phase-space we will consider
(MQQ < 50 GeV and |cos(θCS)| < 0.5). This allows us to safely neglect its impact over the
PQQT -spectrum and in the denominator of the 〈cos(nφCS)〉 observables.
2We will see in the next chapter that the dominance of the cos(4φCS)-asymmetry is weakened by TMD evo-
lution effects.
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So far, the gluon TMDs remain to be determined from first principles or extracted from
experimental data. To do the latter, one needs to assume a model which free parameters
















where g (x,µ) is the collinear gluon PDF and 〈k2T 〉 is the average squared transverse
momentum of the gluon. It is implicitly depending on the scale µ and is the only
free parameter of the model. The normalisation of the Gaussian is chosen to obtain
the collinear PDF when integrating Eq. (5.6) over k2T . We see that, in addition to the
simple k2T -dependence, the dependence on x and k
2
T are completely factorised, the
latter being considered independent from the former. One can then completely extract
the x-dependence of the TMDs from the convolution, as it is entirely contained in the
collinear PDF.
The nature of h⊥g1 being completely unknown, a common practice is to saturate its
positivity bound which was described previously. In this case, the polarisation of gluons









T ,µ) . (5.7)
Note that Eq. (5.7) fixes the sign of h⊥g1 as positive, but it can very well be negative. The
advantages of having such an expression, apart from maximising the estimated TMD ef-
fects, is that h⊥g1 is also described by a simple expression that allows one to analytically
compute the TMD convolutions. In addition, the x-dependence factorises outside of the
convolutions. Moreover, since in such a configuration, both TMDs have exactly the same
x-dependence, the latter becomes an overall pre-factor in the cross section which cancels
out in all convolution ratios.
Another Gaussian-based model was used to make predictions for scalar and pseu-
doscalar single quarkonium production, as well as Higgs production [91, 134]. It is
adapted from a model derived in [136] used to describe the fragmentation function of


















This expression respects the positivity bound for r < 1, although it does not saturates it
everywhere like the previous model. The usual value taken for r is 2/3, as it maximises the
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second k T moment of h
⊥g
1 . Such a choice is motivated by low-x models for the polarised
gluon TMD which tend to give large values of h⊥g1 [137, 138]. This trend also justifies the
use of the bound-saturating model. The interest in testing two different models is that
it gives us an insight of the dependence of the observables on the nature of the TMDs,
and more specifically their widths and magnitude. While the bound-saturating model
gives us an idea about the feasibility of measuring gluon-polarisation effects in the cross
section, the second model provides us with less optimistic predictions and allows us to
derive an appropriate uncertainty band for the latter.
Now that we have expressions for the hard-scattering coefficients and the TMDs, one
can compute the TMD cross section for quarkonium-pair production and the related ob-
servables.
5.2 The transverse-momentum spectrum
The transverse-momentum spectrum is obtained by integrating the TMD cross section
over the azimuthal angle φCS, at a given value of MQQ and YQQ , and only depends on
the first two terms of Eq. (2.5). Therefore even though it is not sensitive to azimuthal
modulations, it remains affected by h⊥g1 . However we have seen that, in the case of





1 ] remains of negligible size over the whole phase space, with a
ratio F2/F1 smaller than the percent level. One consequently can consider the effects of
gluon polarisation on the transverse-momentum spectrum of di-quarkonium production
to be negligible. The PQQT -spectrum dσ/dPQQT ∝ PQQT C [ f g1 f
g
1 ] then becomes a
tool to study f g1 without any form of contamination from the second gluon TMD. When
computed using the model of Eq. (5.6), the convolution reads:













We omit the k T - and x-dependence of the TMDs inside the convolution for brevity.
Even when using a Gaussian model for f g1 , many variables still enter the transverse-
momentum spectrum, like the gluon PDFs, the pair rapidity in the kinematical pre-factor,
the hard-scattering coefficient F1... All of these factors do not affect the shape of the
PQQT -spectrum but will affect its normalisation. Moreover, if one wishes to compare the
predictions of the model to data, one must be able to reproduce the normalisation of the
spectrum, that could be modified by virtual corrections to the LO scattering amplitude.
DPS could also modify both the normalisation and shape of the spectrum. Nevertheless,
working with the normalised spectrum is sufficient to study the width of f g1 . Such an
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The normalised spectrum cancels all the PQQT -independent pre-factors: the cross-
section kinematical pre-factor, the hard scattering coefficient F1 as well as the collinear
gluon PDFs. The spectrum is normalised over a PQQT -range extending from 0 to MQQ/2,
as we consider it to be the limit of the validity range to apply the TMD formalism. The
normalised spectrum therefore conserves an explicit dependence on MQQ , in addition
to the implicit MQQ-dependence of the width 〈k2T 〉.
In [133], we fitted the width of the Gaussian f g1 to the di-J/ψ production transverse-
momentum spectrum released by the LHCb collaboration [117] at 13 TeV. The fit is
obtained using the least squares method and the data points are weighted by the inverse
square of their error. The weighting of the errors does not strongly affect the fit as
the errorbars are of comparable size. The reduced χ2 is about 0.41. This low value,
characteristic of an overfit despite the simplicity of the model, is due to the fact that
we only have four data points to use with relatively large uncertainties. It is however
sufficient to give us an order of magnitude for 〈k2T 〉. The data are provided in bins of 1
GeV, starting at PψψT =0. As the data are not doubly differential, the value of Mψψ inside
of each bin is not known. We therefore considered the Mψψ-spectrum and assumed the
average value to be approximately 〈Mψψ〉 = 8 GeV. We therefore considered the first four
points of the PψψT -spectrum to be in the TMD regime. The associated spectrum was be
normalised by dividing each point value by the sum of the four.
If one uses Eq. (5.10) to fit 〈k2T 〉 on the normalised LHCb data, the resulting value is
5.12 ± 0.72 GeV2 (cf. Fig. 5.2). Our first observation is that the resulting value of 〈k2T 〉
is remarkably high, since one would expect the intrinsic momentum of partons inside
a proton to be in the sub-GeV range. This Gaussian model does not explicitly account
for any perturbative contributions to the intrinsic average transverse momentum of the
initial-state gluons. Such pre-scattering interactions enhance the initially low transverse
momentum of the gluon. In addition, gluons entering the hard scattering with a large
momentum are likely to be the product of a large number of initial-state radiations. 〈k2T 〉
thus becomes larger with an increasing value of the gluons centre-of-mass energy, which
coincides with Mψψ at LO. It is then natural that we find a large value of 〈k2T 〉 from the
data, as it is an effective one that runs with Mψψ. In order to study the intrinsic transverse
momentum of the gluons, one needs to consider the evolution of the TMDs with the hard
scale. This will be the subject of the next chapter.












































Gaussian 〈k2T 〉 = 5.12 ± 0.72 GeV2
Normalised LHCb data
〈Mψψ〉 = 8 GeV
Figure 5.2: Fit of the width 〈k2T 〉 of the Gaussian-model TMD f g1 to LHCb normalised
data for dσ/dPψψT in di-J/ψ production. The data and cross-section expression used are
normalised over the range of validity for TMD factorisation [0;〈Mψψ〉/2] (delimited by the
blue line), and the fit is realised using the data points located within this range. The grey
band depicts the uncertainty in the value of 〈k2T 〉.
We also remark that when plotted past the four points used to extract the width 〈k2T 〉,
the fitted model with a Gaussian fall-off progressively undershoots the data. Indeed, high
transverse momenta for the J/ψ pair are characteristic of real-gluon emissions where the
pair recoils against a hard gluon. Such contributions become dominant at large PψψT .
NLO contributions to the partonic cross section are necessary to describe this sector
and the TMD formalism is not valid anymore (corrections in PψψT /MQQ become large),
while the collinear formalism is expected to work. One needs to implement a matching
procedure in order to describe the transition between the two regimes [29].
A remaining concern for such an analysis is the DPS in the data [66, 128, 123, 126, 139].
Indeed in this kinematical regime, the DPS is expected to be non-negligible. The asso-
ciated PψψT -spectrum alters the shape of the spectrum and therefore complicates the
extraction of a relevant value of 〈k2T 〉. It was argued that DPS represents a significant part
of events in di-J/ψ production. In D0, it was reported that nearly 50% of the events were
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to be attributed to DPS [115]. The proportion of DPS events in the LHCb data is probably
of the same order, and therefore cannot be neglected (cf. Section 4.3). It is however com-
plicated to extract this component, as values of σeff coming from different extractions are
significantly different. Extractions made from quarkonium-related observables seem to
favour smaller values of σeff than jet ones, meaning larger DPS contributions. However in
this case, the DPS when combined with the known SPS channels seem to overshoot the
data.
If we subtract the DPS contribution as estimated by LHCb from the PψψT -spectrum,
the resulting fitted value of 〈k2T 〉 is significantly reduced as can be seen in Fig. 5.3, meaning
that the DPS component has a wider PψψT -spectrum than the SPS one. However, such
a statement depends strongly on the accuracy of the DPS estimate. One can also see in
Fig. 5.4 that realising a fit in bins of 1 GeV slightly modifies the fit result but the new value
remains well within the uncertainty band of the previous one.
Let us emphasise that even if the DPS transverse-momentum spectrum is uncertain
and can make an extraction of a precise value of 〈k2T 〉 delicate, its order of magnitude
does not change and remains well above what is expected for the intrinsic transverse
momentum of partons inside a proton. This is a clear sign of TMD evolution from the
di-J/ψ production data.
Having obtained a first estimate of the value of 〈k2T 〉 using the LHCb data, one can use
it in the Gaussian-based models for f g1 and h
⊥g
1 in order to make predictions for the TMD
convolutions and the corresponding azimuthal asymmetries in J/ψ-pair production.
5.3 Azimuthal asymmetries
As we have seen in Eq. (5.9), one can analytically compute the TMD convolutions using
a kT -Gaussian for f
g
1 . With the Gaussian-like and positivity bound-saturating models
provided for h⊥g1 in the previous section, one can also give analytical expressions for the
















































































Gaussian 〈k2T 〉 = 3.74 ± 0.75 GeV2
Normalised LHCb data without DPS
〈Mψψ〉 = 8 GeV
Figure 5.3: Fit of the width 〈k2T 〉 of the Gaussian-model TMD f g1 to LHCb normalised data















2r 〈k2T 〉 . (5.11)
The integrals can be computed either in momentum (kT ) or position (bT ) space. The
latter is more straightforward and gives a particular insight on the structure of the
convolutions. Indeed when realising the integration in bT space, one can see that the
transverse weights wi present inside the different convolutions modify the angular com-
ponent in characteristic ways. The angular integral inside C [ f g1 f
g














1 ] generates J4(bT PQQT ). At
PQQT = 0, one gets J0(0) = 1 versus J2,4(0) = 0. The consequence is that at PQQT = 0,
only the azimuthally-invariant convolutions are potentially nonzero. This makes
sense when defining φCS using the pair transverse momentum vector, as φCS cannot
be defined when PQQT = 0. In the large PQQT limit, all the convolutions become 0
due to their Gaussian nature. Since the asymmetries are proportional to ratios of the




1 ], it is instructive to consider how these ratios









1 ] = e2/27 ' 0.27 for r = 2/3. In the large-PQQT limit, the ratios all












































Gaussian 〈k2T 〉 = 3.64 ± 0.75 GeV2
Normalised LHCb data without DPS
〈Mψψ〉 = 8 GeV
Figure 5.4: Fit of the width 〈k2T 〉 of the Gaussian-model TMD f g1 to LHCb normalised data
with DPS subtracted for dσ/dPψψT in di-J/ψ production using 1 GeV bins.













all steeper than that in C [ f g1 f
g
1 ]. This is a consequence of the presence of the factor 1/r
(that is larger than 1) in the argument of the kT -exponential inside h
⊥g
1 .



















































〈k2T 〉 . (5.12)


















1 ]), making their ratio
equal to 1 (or -1). Having h⊥g1 saturating the positivity bound therefore makes the related
convolutions as large as C [ f g1 f
g
1 ], ensuring a maximal size for the azimuthal asymme-
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C [ f g1 f
g
1 ] as functions of PψψT for 〈k2T 〉 = 3.3±0.8 GeV2. Both h
⊥g
1 models are included:
model 1 is the Gaussian-based model from [134], model 2 is the bound-saturating model.
tries. In particular, this implies that the 〈cos(4φCS)〉-asymmetry can reach a size of 100%
in the high-energy limit at central rapidities, as the hard-scattering coefficient F4 becomes
equal to F1 in this limit.




1 ] at our disposal
in the bound-saturating model, one can easily compute it numerically and show that
it also saturates the bound, both in the large and small transverse momentum limits.
However, this will not be sufficient to affect the PQQT -spectrum in a visible way as the
hard-scattering coefficient F2 remains too small and will suppress the contribution. The
convolution ratios are showed in Fig. 5.5 for 〈k2T 〉 = 3.3± 0.8 GeV2 for both models. We
observe that increasing (decreasing) 〈k2T 〉 within this range increases (decreases) the
width of the convolution ratios. This shifts the value at which the ratios from Model 1
peak, while it makes the ratios from Model 2 slower to reach their maximal value. For the
considered range, the induced variation is minor.
The second element that will determine the size and shape of the azimuthal asym-
metries is the ratio of the hard-scattering coefficients associated with a given TMD con-
volution. Indeed since the F2 component makes the second term in the denominator of
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Figure 5.6: Hard-scattering-coefficient ratio F3/F1 as a function of θCS at Mψψ = 12 GeV
(5.6a) and as a function of Mψψ at θCS =π/3 (5.6b)
〈cos(nφCS)〉 negligible, the only remaining term is F1 C [ f g1 f
g
1 ]. The disappearance of this
sum in the denominator of 〈cos(nφCS)〉 means that the observable can be factored into
a product of the convolutions ratio and the hard-scattering coefficients ratio, as demon-
strated in Eq. (5.13):
〈cos(2φCS)〉 = 1
2


























































The hard-scattering coefficients give the explicit dependence of the asymmetry in
Mψψ and θCS. As previously mentioned for the TM spectrum, taking ratios cancels the
dependence on x and YQQ . The former is described by the collinear gluon PDF that
factors out in the Gaussian models used here to model the TMDs, while the latter only
appears in the overall kinematical factor of the cross section and is therefore simplified
in the ratio. If we plot F3/F1 as a function of θCS (Fig. 5.6a), we see that the ratio peaks
at θCS = π/3 and cancels at θCS = π/2. The consequence is that in the case of di-J/ψ
production, the cos(2φCS)-asymmetry will not be maximal at central (θCS = π/2) but
rather forward rapidities. Regarding the MQQ-dependence, one can see that the ratio
value peaks at roughly 12% for MQQ ' 10− 12 GeV, and then fall down as anticipated
from Eq. (5.4).
The case of the cos(4φCS)-asymmetry is rather different. One can see on Fig. 5.7a that
the ratio peaks at θCS = π/2 which corresponds to central rapidity production, and then
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Figure 5.7: Hard-scattering-coefficient ratio F4/F1 as a function of θCS at Mψψ = 21 GeV
(5.7a) and as a function of Mψψ at θCS =π/2 (5.7b)
falls down and changes sign, with a new peak in the forward region. The consequence
of this sign change is that one should not simply integrate over the whole θCS-range
in order to collect the largest number of events, hoping to get the largest signal. This
would result in a cancellation between the central and forward regions, making the
resulting asymmetry smaller. It is therefore recommended to split the range in two bins: a
central one covering the |cos(θCS)| < 0.25 values (which roughly corresponds to a rapidity
difference range |∆y | < 1), and a forward one covering the 0.25 < |cos(θCS)| < 0.5 values
(which corresponds to a range 1 < |∆y | < 2). We will do so when presenting our results
for the azimuthal asymmetries, for both the cos(2φCS) and the cos(4φCS). Applying
these cuts for both asymmetries allows one to compare them in the same kinematical
configurations. One can provide predictions for two regions that should be differently
affected by the DPS contribution, which is more important in the forward region. Let us
note that the ends of the θCS-range of Figs. 5.6a and 5.7a are out of experimental reach as
they correspond to pairs of J/ψ with an extremely large rapidity difference, which grows
exponentially with the polar angle. As shown in Eq. (5.2), the ratio F4/F1 tends toward 1
with increasing MQQ , making the resulting asymmetry larger and larger at high MQQ .
The ratio peaks at 70% for Mψψ = 21 GeV which is a representative value for the ATLAS
data.
The plots for the azimuthal asymmetries are shown in Fig. 5.8. The asymmetries
are computed as function of PψψT for Mψψ = 8, 12 and 21 GeV which are respectively
relevant for the LHCb [117], CMS [114] and ATLAS [116] kinematics. The data are plotted
up to Mψψ/2 in order to stay within a reasonable range for TMD factorisation to be valid.
Each asymmetry is computed in the previously discussed central and forward rapidity
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bins, with the two models used to describe h⊥g1 forming the uncertainty band of the plot
with a width 〈k2T 〉 = 3.3 GeV2. The plots represent 2〈cos(nφCS)〉 as the asymmetries are
proportional to the bare products of ratios Fi /F1 × C [wi TMD1TMD2]/C [ f g1 f
g
1 ], while
the 〈cos(nφCS)〉 observable contains an extra factor 1/2 in its definition3. The vertical axis
range is left unchanged between two plots of the same asymmetry in different rapidity
bins for comparison purposes.
In line with previous observations, we see that the cos(2φCS) asymmetry is larger in
the forward region, where it can reach 16% at Mψψ = 12 GeV. It also remains sizeable
at higher and lower energies and when using Model 1. In the central region, the asym-
metries are significantly smaller in connection with the reduction of the hard-scattering
coefficient F3 around θCS = π/2, with a maximal value of 4%. While the maximal value
would be near 24% at Mψψ = 12 GeV and θCS = π/3, the average value over the θCS-bin is
naturally lower. One would need doubly differential data in both variables to measure an
asymmetry approaching the theoretical maximum.
Because of the large size of the F4 coefficient at large Mψψ for θCS ' π, we obtain
as expected large cos(4φCS) asymmetries in Fig. 5.8c, reaching 45% at Mψψ = 21 GeV in
the bound-saturating model. The asymmetry remains large at 12 GeV, reaching 20%.
Fig. 5.8b displays the expected sign change of the asymmetry as a consequence of the
sign change of F4 between the central and forward region. It remains of reasonable size
at 12 and 21 GeV with respective magnitudes of 8 and 20%. Note that the asymmetry
remains positive at Mψψ = 8 GeV, although it barely reaches the percent level.
In view of the computed magnitude for various asymmetries in the kinematical ranges
explored by LHCb, ATLAS and CMS, we think that an experimental extraction of these
asymmetries should be possible from di-J/ψ production data. Such an extraction could
also be possible at a fixed-target experiment at the LHC, as well as at RHIC. The High-
Luminosity phase to come at the LHC will, in addition to providing many more J/ψ-pair
production events, give us enough Υ pairs to study the same asymmetries and TM spec-
trum in a different mass range. Indeed, although using Gaussian models for the TMDs
that factor out the x- and MQQ-dependence already helps us understanding the new ob-
servables associated with the TMD formalism and making predictions, our fit of the LHCb
data clearly shows that gluons with large TM are needed to describe such data even near
the reaction threshold. Such large momenta cannot be intrinsic and call for the inclusion
of evolution effects in our modelling of the gluon TMDs describing how the latter evolves
with the mass of the observed system. Implementing TMD evolution is therefore the topic
our the next chapter, where we will show how the formalism derived in Chapter 2 modi-
3We recall that integrating 〈cos(nφCS)〉 over some variables corresponds to integrating the numerator and
denominator separately.
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Figure 5.8: 2〈cos(nφCS)〉 for n = 2,4 computed for |cos(θCS)| < 0.25 and for 0.25 <
cos(θCS) < 0.5 for 〈k2T 〉 = 3.3 GeV2 for 3 values of MQQ (8, 12 and 21 GeV). The spectra
are plotted up to MQQ/2. The uncertainty bands result from the use of both models of
h⊥g1 . The solid line, which shows the largest asymmetries corresponds to the Model 2
(saturation of the positivity bound) and the dashed line to Model 1.
fies the observables studied in this chapter and what can we learn from them in this new
context. We will also compute the asymmetries forΥ-pair production.
Chapter 6
Predictions for evolved TMDs in J/ψ- andΥ-pair
production
In this chapter1, we will use the formalism detailed in 2.3 in order to improve our model
describing the gluon TMDs as well as our theoretical predictions for J/ψ- and Υ-pair
production at the LHC. Using the renormalisation group equations as well as the Collins-
Soper equation, one can describe the evolution of the gluon TMDs with its factorisation
scale µ and its rapidity scale ζ. Indeed, the renormalisation scale used to evaluate the
hard-scattering coefficients Fi should be of the order of the hard scale of the process
µ ∼ MQQ in order to avoid large logarithms of µ/MQQ . On the other hand, the TMD
should be evaluated at its natural scale µ∼√ζ∼ b0/bT in order to avoid large logarithms
of µbT and ζb2T , with b0 = 2e−γE and bT the impact parameter conjugate to the transverse
momentum of the gluons kT . It can then be evolved to the hard scale MQQ by solving
the mentioned evolution equations. As we have already seen, this introduces a Sudakov
factor S A in the definition of the TMD in impact parameter space. At small scales where
the couplingαs is small enough, it is possible to compute the perturbative Sudakov factor
as well as the TMD inputs perturbatively. This reduces the theoretical uncertainties
associated with the unknown nature of the gluon TMDs by allowing one to partially
compute them from perturbative QCD principles. What is left is the nonperturbative
component, which remains to be modelled and extracted from data. In Chapter 2, we
introduced some prescriptions in order to keep the perturbative description of the TMDs
restricted to its domain of validity and introduced a nonperturbative Sudakov factor SNP
which aims at correcting the deviation between the perturbative estimate and the actual
behaviour of the TMD.
In the first section, we will introduce a Gaussian model for SNP that will allow us to
have a simple picture of the TMD and to connect our results with those of the previous
chapter. In the second section, we will examine how each component of the evolution
formalism contributes to the different TMD convolutions and how such modifications
affect the observables we are interested in. In the last section, we will present our im-
proved predictions for the TM spectrum and azimuthal asymmetries, which then include
1This chapter is largely based on [140].
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the dependence on the hard scale MQQ that does not trivially factorise out of the TMDs
anymore. We will compare those predictions with that made using the Gaussian-based
models in Chapter 5 and discuss the prospects for future measurements and experimen-
tal extractions of information about the gluon TMDs.
6.1 Exploring the nonperturbative component of TMDs
with a Gaussian input
As seen in Eq. (2.30), each convolution contains two TMDs perturbatively evaluated
at a scale µb = b0/b∗T (bc (bT )) that is bounded between b0/bTmax and MQQ , convoluted
with a perturbative Sudakov factor S A(b∗T (bc (bT ))) describing the evolution between
the TMD scale µb and the hard scale MQQ . The remaining ingredient needed is the
nonperturbative Sudakov factor SNP(bc (bT )) which corrects the perturbative expression
at large bT . It appears inside an exponential e−SNP and the nonperturbative input for
one TMD is e−SNP/2. In contrast with the quark case where some advanced fit have been
realised using SIDIS, Drell-Yan and Z 0 production, there is no information available
about the nonperturbative component of gluon TMDs. Consequently, any model used
can only be an educated guess. A possibility is then to consider the nonperturbative
Sudakov factor derived from quark data and re-scale it by a colour factor C A/CF . This
is a reasonable choice, albeit not very useful to investigate the role of SNP in the TMD
observables as it is a finely tuned input.
We rather prefer to use a simple model for SNP that allows for a straightforward study
of its impact and that of possible variations over the TM spectrum and azimuthal asym-
metries. Some reasonable conditions can be put on the expected behaviour of SNP. First
of all, the nonperturbative Sudakov factor should tend toward 0 at small values of bT .
Indeed, the perturbative expression of the TMDs is valid at small scales and should not
need corrections to be applied. On the other hand, SNP should be growing larger with
increasing bT in order to make the TMD vanish at infinity and allow the convolutions to
converge. In addition, one expects the vanishing of the TMDs to occur within the confine-
ment distance that would be the proton radius. It is usual to take a b2T dependence for the
nonperturbative Sudakov factor which respects the conditions cited above. The result-
ing exponential e−SNP is then a Gaussian whose width can be tuned in a range extending
between bTmax and the proton diameter. One can in addition choose an expression that
encapsulates the expected logarithmic dependence of SNP on the scale [141]. Since our




)= A ln( MQQ
QNP
)
b2c (bT ) , QNP = 1 GeV. (6.1)
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QNP is a constant nonperturbative scale. If the renormalisation scale µ is equal to this
scale, there is no evolution: SNP cancels and e−SNP has no effect. Varying A for a fixed
scale allows us to vary the width of the Gaussian.
We recall that if one considers a Gaussian f g1 as in Eq. (5.6), its Fourier transform reads
f̃ g1 = e−〈k
2
T 〉b2T /4g (x). If we identify the width of the bT Gaussian with SNP/2, we obtain
the relation between A and 〈k2T 〉, which reads: 〈k2T 〉 = 2A ln(MQQ/QNP). In this case, the
parameter 〈k2T 〉 considered is more intrinsic than the one in the previous chapter, as it
excludes the enhancement due to perturbative contributions that we believe to be the
reason the value fitted over LHCb data was so large. However it would be too ambitious to
consider an extraction of the intrinsic value of 〈k2T 〉 using the formalism developed here
as many assumptions need to be made, especially regarding the modelling of SNP. We
consider this more of a toy model to test what is to be expected in the observables using
reasonable assumptions. As bT represents the transverse distance between the two gluon
fields in the correlator, it is interesting to consider the distance at which the correlation
vanishes, i .e. when the nonperturbative Sudakov factor becomes approximately zero. We
call this limit distance bTlim such that SNP approximately falls down to 10
−3 and will use
it as a visual indication of the Gaussian width. We will use three different values for the
parameter A that are 0.64, 0.16 and 0.04 GeV2. The corresponding values of 〈k2T 〉, bTlim and
the radius r in femtometers are reported in Table 6.1 for MQQ = 12 GeV.
A (GeV2) 〈k2T 〉 (GeV2) bTlim (GeV−1) r (fm)
0.64 3.18 2 0.2
0.16 0.80 4 0.4
0.04 0.20 8 0.8
Table 6.1: Values of the parameter A used in Eq. (6.1) for the nonperturbative Sudakov
factor, along with the corresponding bTlim , 〈k2T 〉 and r at MQQ = 12 GeV
The narrowest nonperturbative Sudakov factor we consider is that using A = 0.64 GeV2
with a bTlim of 2 GeV
−1. This configuration is very close to the SNP fitted by Aybat and
Rogers [50] with a corrected colour factor for gluons. On the other side, the widest SNP
we considered is for A = 0.04 GeV2 and corresponds to a value of bTlim equal to 8 GeV
−1,
which approximately corresponds to the diameter of the proton. We therefore consider
this case as an indicative upper limit of the width SNP can reach in a Gaussian model.
Fig. 6.1 depicts e−SNP as a function of bT . The function is plotted for the three values of A
displayed in Table 6.1 with bands corresponding to values of MQQ between 12 and 30 GeV.
Let us note that replacing eSNP(bT ) by eSNP(bc (bT )) has little impact on this figure, one
can however see that the exponential does not exactly reach 1 at bT = 0 as bc (bT ) has a



















A = 0.04 GeV2
0.16 GeV2
0.64 GeV2
MQQ = 12 GeV
30 GeV
Figure 6.1: e−SNP from Eq. (6.1) vs bT for A = 0.04 (purple), 0.16 (orange) and 0.64 (ma-
genta) GeV2, for values of MQQ ranging from 12 to 30 GeV. The boundaries around the
bands depict the exponential at MQQ=12 GeV (solid line) and at MQQ=30 GeV (dotted
line).
lower bound of b0/MQQ .
One could consider a narrower e−SNP , although it should in principle not become too
suppressing for bT values lower than bTmax as the perturbative estimate is supposed to be
approximately valid below this limit. If we take bTmax = 1.5 GeV
−1, the nonperturbative
Sudakov factor with bTlim = 2 GeV
−1 is already of order 10−2 at bTmax . In addition, even




1 are expected to
have different behaviours in the nonperturbative regime. Therefore each may have a
different expression for SNP in the most general case. When using the Gaussian SNP
model described above, each TMD gives a nonperturbative contribution e−SNP/2 to the
integrand of the convolution. These two exponentials therefore combine to give one
nonperturbative Sudakov factor whose width is the average of the two individual widths
e−(SNP1+SNP2)/2. Considering that we vary the width of SNP within the same range for f
g
1
and h⊥g1 , the average width is then also included within this range for all convolutions.
In the following section, we will look at the different TMD convolutions in bT and
analyse how each component affects the integrand, and how this affects the total value of
the convolution. This will allow us to understand the impact of the different ingredients
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of the evolution formalism on the observables.
6.2 TMD convolutions in the evolution formalism
As we have seen in the previous chapter, analysing the TMD convolutions using purely
Gaussian TMDs is rather straightforward, allowing us to obtain analytical solutions
thanks to the factorisation of the PQQT -, MQQ-, x-dependences and the simplicity of the
involved functions. When using the formulae for TMDs developed within the evolution
formalism, all of these factorisations are lost. The bc -prescription which ensures that
the scale µb at which the TMDs are evaluated does not exceed the hard scale, entangles
the bT - and MQQ-dependences inside all of the components of the TMDs. Moreover,
the perturbative and nonperturbative Sudakov factors are dependent on the hard scale
by definition. The factorisation of the x-dependence is lost because the gluon PDFs, as
input of the TMDs, are also evaluated at the scale µb . Because of the complexity of the
integrand and the presence inside of it of PDFs that cannot be evaluated numerically, all
computations need to be done numerically. However this does not prevent us to analyse
the role of each factor in the integral.
As can be seen in Eq. (2.20), the first difference in bT -space between the integrands
of the various convolutions is the Bessel function they contain. We will see that such
a difference will generate very distinct behaviours of the integrands and associated
convolutions. Let us start by studying the convolution of two unpolarised gluon TMDs
C [ f g1 f
g
1 ]. It contains the Bessel function J0(bT PQQT ) that is equal to one at bT = 0
and then oscillates progressively towards 0 with increasing bT . A larger value of PQQT
will increase the frequency of the oscillations. While the integral from 0 to infinity of
J0(bT PQQT ) converges toward 1/PQQT , the integral of bT J0(bT PQQT ) does not as the
additional bT amplifies the oscillations in an uncontrolled way. However, several factors
can contribute to dampen the large-bT contribution and make the integral convergent.
Moreover, narrowing the integrand in bT will typically broaden the integral as a function
of its conjugate variable PQQT .
Let us first consider f̃ g1 . The leading coefficient of its perturbative expansion is
the gluon collinear PDF g (x,µ). In the previous chapter, we evaluated the PDF at
the hard scale MQQ without any dependence on any transverse momenta, the latter
was additionally factorising out of the convolutions. Now the PDF, as leading-order
term describing the gluon TMD, needs to be evaluated at µb . As bT increases, µb falls
down from its maximal value MQQ toward its minimum b0/bTmax . The PDF follows
this trend and therefore falls down with increasing bT until reaching a minimal value
plateau around bT = 2 GeV−1. This will contribute to partially dampen the increasing














MQQ = 12 GeV
30 GeV
Figure 6.2: The perturbative Sudakov factor e−S A at NLLA as a function of bT for MQQ =
12 and 30 GeV.
oscillations of bT J0(bT PQQT ), and is actually enough to tame them and make the integral
convergent. Indeed, although the oscillations resume growing in amplitude past some
minimum, they also quickly become centred around 0, making their contribution to the
integral less relevant. If we compare g (x,µb) with a Gaussian g (x, MQQ)e
−〈k2T 〉b2T /4 of
width 〈k2T 〉 = 3.3 GeV2, we see that the former is narrower in bT . As mentioned previously,
the consequence of this stronger large-bT suppression is that the integral (and therefore
C [ f g1 f
g
1 ]) will be broader as a function of PQQT , as depicted in Fig. 6.5. The spectrum
consequently develops a tail.
We now add the perturbative Sudakov factor S A in the analysis. As is visible in Fig. 6.2,
S A can quickly suppress large-bT values but this effect is strongly dependent of the hard
scale of the process. At low scales, it is wide and will not contribute much to the widening
of the PQQT -spectrum. On the opposite, S A will be strongly suppressive at large scales
and be the main source of the spectrum widening. Let us note that the slight bump
e−S A > 1 at small bT technically contributes to the PQQT -widening by enhancing small
bT values, but this is a minor effect. We note that using the NLLA expression for S A (i .e.
that includes O (ln(ζ/µ̄2)) terms in Eq. (2.25)) does not significantly modify the size or
shape of TMD observables in comparison with an LLA expression in the cases studied
here.
Finally, we investigate the effect the presence of SNP has on the spectrum. At the
largest width considered bTlim = 8 GeV
−1, this effect is rather weak except at very low
scales. One can see on Fig. 6.5 that the end of the purple band, that is the narrowest in
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Figure 6.3: The four different TMD convolutions as functions of PQQT for centre-of-mass
energies MQQ = 12,30 GeV and SNP-widths bTlim ∈ [2;8] GeV−1.
PQQT (corresponding to the widest e
−SNP in bT -space), is entirely overlapping with the
orange curve computed without any nonperturbative Sudakov factor, showing that the
latter already has no effect at MQQ = 12 GeV. The other end of the band that corresponds
to bTlim = 2 GeV
−1 is slightly wider in PQQT , demonstrating a small suppression of large bT
values by SNP. Overall, unless considering very low scales, the nonperturbative Sudakov
factor will have a weak influence on C [ f g1 f
g
1 ] and therefore on the transverse-momentum
spectrum. The convolution C [ f g1 f
g
1 ] as a function of PQQT is displayed for MQQ = 12
and 30 GeV and bTlim ∈ [2;8] GeV−1 in Fig. 6.3a.
Regarding the MQQ-dependence, we have already seen that the perturbative Sudakov
factor is strongly varying with the hard scale, so it is expected to be the main actor in
the variation of C [ f g1 f
g
1 ] with MQQ . Since the impact of SNP on this convolution is very
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Figure 6.4: The four different TMD convolutions as functions of MQQ for values of the
pair transverse momentum PQQT = 4,7,10 GeV and SNP-widths bTlim ∈ [2;8] GeV−1.
limited and its own variation with MQQ moderate, it will not be a relevant factor in this
case. The remaining factor that depends on the hard scale is the gluon collinear PDF.
However, since its dependence on the former is also weak, one can safely approximate
that the perturbative Sudakov factor is the only element that effectively governs the MQQ-
dependence of C [ f g1 f
g
1 ]. We recall that e
−S A narrows down in bT with increasing MQQ ,
meaning that the PQQT -spectrum will be wider at larger values of MQQ . If one considers
C [ f g1 f
g
1 ] as a function of the hard scale at fixed PQQT , the convolution will eventually fall
down, since a wider transverse-momentum spectrum is also lower in magnitude. This
can be seen in Fig. 6.6 where the transverse-momentum spectrum is plotted for MQQ =
12, 20 and 30 GeV. The bare convolution as a function of MQQ for fixed PQQT = 4, 7 and
10 GeV and the considered bTlim -range is showed in Fig. 6.4a.
Finally, we observe in Fig. 6.7 that the shape of the convolution is almost not affected
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Figure 6.5: Comparison of the transverse-momentum spectrum obtained with the
(Fourier-transformed) Gaussian model for f g1 used in Chapter 5 with 〈k2T 〉 = 3.3 GeV2
(blue), the one obtained when replacing f̃ g1 by its perturbative expression evaluated at µb
according to Eq. (2.26) (green), when adding the perturbative Sudakov factor S A (orange),
and finally when including SNP with a width bTlim ∈ [2;8] GeV−1 (purple band).
by variations of the momentum fractions x1,2 in the ranges relevant for quarkonium-pair
production (typically 10−2–10−3). The only component depending on them is the gluon
PDF. However, only its normalisation is affected by variations of x, not its shape as a
function of µb . This fact is interesting from an experimental point of view, as it means
there is no need for a binning in x of the data in order to look for the trends predicted for
the spectrum.








1 ] by the bT -space gluon
TMDs it contains, namely h̃⊥g1 instead of f̃
g
1 : indeed, the TMD weight disappears in
the bT -space expression (cf. Eq. (2.20)). The Bessel function that enters the integrand
remains J0. The variations in behaviour between these two convolutions are therefore
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Figure 6.6: The PQQT -spectrum using evolved gluon TMDs at MQQ = 12, 20 and 30 GeV
and x1 = x2 = 10−3.
solely induced by the difference between the perturbative expressions of both TMDs. We
remind from Eq. (2.27) that h̃⊥g1 emerges as a higher-order in αs effect where the gluon
originates from the splitting of another quark or gluon. It is therefore constructed as
the sum of splitting functions, one for each type of parton with the appropriate colour
factor. Since h̃⊥g1 is not a leading-order term in the perturbative expansion, one naturally
expects it to be suppressed as well as the associated convolutions. Moreover, sinceαs (µb)
falls down with increasing scales, it will be a growing function of bT . This impact on the
bT integrand is limited as the bounds on µb consequently set bounds on the variation
of αs . Nevertheless, the presence of αs leads to a double suppression, first on the
overall normalisation of h̃⊥g1 and second by steepening the downward PQQT slope of the
convolution that contains it. In addition to this, the splitting function when compared
to the bare PDF also contributes to enhance the large bT values. On the other side, since
h̃⊥g1 receives contributions from all partons and not only gluons, it sees its normalisation
typically increased by 20% at x = 10−3. However this only partly counters the suppression
due to the size of αs which value is around 0.4 in average over the bT -range.





we successively plot in Fig. 6.8 the different components of h̃⊥g1 (x1,bT )h̃
⊥g
1 (x2,bT ) for
x1,2 = 10−3.
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Figure 6.7: The normalised PQQT -spectrum for J/ψ-pair production at Mψψ = 12 GeV
and bTlim = 4 GeV
−1 with x1,2 = 10−2 or 10−3.
The purple curve depicts the simple product of the two collinear gluon PDFs which




1 ] convolution. As discussed earlier, this
product falls as a function of bT before stabilising when the scale µb approaches its
boundary limit. Then the blue curve shows the same PDFs inside a splitting function
necessary to describe the polarised gluons as emissions from other partons. The curve is
now falling much slower with bT , suppressing large PQQT values for the convolution. The
addition of the squared coupling constant (pink curve) naturally lowers the normalisation





1 ]. Finally, adding the quark contributions to the distribution slightly
increases the whole normalisation of the function, as can be seen from the gap between









1 ]. It is also more sensitive to the influence of SNP,
and will fall faster for a large value of bTlim . The convolution as a function of PQQT is
shown in Fig. 6.3b.
In a similar way to C [ f g1 f
g




1 ] as a function of PQQT
will widen with increasing MQQ , due to the narrowing of the perturbative Sudakov fac-
tor in bT -space. The behaviour of h̃
⊥g
1 is weakly dependent on Mψψ for the ranges con-
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Figure 6.8: The various contributions to the product of the two linearly polarised gluons
distributions h̃⊥g1 (x1,µb)h̃
⊥g
1 (x2,µb) as a function of bT for x1,2 = 10−3.
sidered here, as can be seen in Fig. 6.4b. As for C [ f g1 f
g
1 ], the MQQ-dependence mostly
comes from the perturbative Sudakov factor in the convolution. Therefore the MQQ-
dependence of both convolutions is very similar, making their ratio as a function of MQQ
mostly flat. The x-dependence of h̃⊥g1 is more significant than that of f̃
g
1 : the low bT val-
ues are even more suppressed at x ∼ 10−2 than at x ∼ 10−3. However, this dependence
does not visibly affect the shape of any observable and only slightly modifies their am-
plitudes, meaning one can still safely make computations without bothering about x-




1 ], although we will see
that the different Bessel function entering the convolution changes the way the convo-
lution responds to modulations of the bT -integrand. We present in Fig. 6.9 the results




1 ], where one TMD is f̃
g
1 described by the gluon PDF, and the other one is
h̃⊥g1 described by the splitting function. Naturally, the bT -widening and αs -suppression
appear to be more moderate than for a double occurrence of h̃⊥g1 .
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Figure 6.9: The various contributions to the product of the two gluons distributions
f̃ g1 (x1,µb)h̃
⊥g
1 (x2,µb) as a function of bT for x1,2 = 10−3.





contains J2. This function is not equal to 1 but 0 at bT = 0 GeV−1. It then oscillates
with a lower frequency than J0 for a fixed value of PQQT . The consequence is that
the bT -integral will not necessarily profit from the smallest bT values like it was the
case for C [ f g1 f
g




1 ], but from larger ones instead. Thus the various
factors entering the integral will have a different impact on it when compared to the
cases studied previously. Indeed, the shape of this convolution as a function of PQQT
is different from that of C [ f g1 f
g




1 ] that are maximal at PQQT = 0 and
then fall down with increasing transverse momentum of the final state. Instead, at low
PQQT , the first oscillation in bT -space of J2 will be so wide that it will not have time to
grow enough before being suppressed by the other elements of the integrand. At larger
values of PQQT , the frequency of the oscillations is higher, the latter can consequently
contribute maximally to the integral, allowing the value of the convolution to grow up to
a maximum. Then, at larger PQQT , an increasing number of oscillations whose central
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value progressively tends toward 0 are contributing to the non-suppressed bT -range,











1 ] as a function of PQQT will grow up a maximum
before decreasing again and tend toward 0, as displayed in Fig. 6.3c. It is important to





of lower frequency than that inside convolutions containing J0. Therefore, even though


















enters the definition of the cos(2φ)-asymmetry is always a growing function of PQQT ,
and so is the asymmetry. This does not mean that the asymmetry can eventually become
larger than 100%, as too large values of PQQT for a given value of MQQ would reach the
limit of validity for a TMD formalism. We notice that since the convolution is sensitive to
larger bT -values even at higher PQQT , the uncertainty band associated with the varying










Regarding the MQQ-dependence of the convolution, we know that the main factor
of the evolution is the perturbative Sudakov factor that becomes narrower in bT when




1 ] comes from the lowest bT values
that are the least affected by the large-bT suppression of S A , we observe that it is almost
unaffected by variations of MQQ at fixed PQQT . On the other hand, because the main








1 ], the former
will therefore decrease as MQQ increases due to the effect of the perturbative Sudakov
factor (cf. Fig. 6.4c). The ratio of the two convolutions will then decrease as well. However,
the MQQ dynamics of cos(2φ) are also influenced by the hard-scattering coefficient F3
that is varying with MQQ . While the PQQT dependence of the asymmetry can be assessed
from the convolutions only, its MQQ dependence is defined by both the convolution and
hard-scattering coefficient ratios.





convolution contains the Bessel function J4, that oscillates in a similar way to J2 but with




1 ] contains h̃
⊥g
1 twice in
its integrand, the value of the integral stems from even larger bT values. Therefore most of









It is wider in PQQT , meaning that the cos(4φ) asymmetry will also grow with increasing









1 ]. The uncertainty band
associated with the width of SNP is also wider than that of the other convolutions. Its
fall with MQQ is more pronounced due to an increased sensitivity of the integrand to
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the large-bT suppression by S A . Its overall magnitude also suffers from the double αs
suppression of both polarised gluon TMDs. The convolution as a function of PQQT and
MQQ is showed in Fig. 6.3d and 6.4d respectively.
Let us note that since both gluon TMDs may also behave differently in the nonper-
turbative region, one should allow for a different width of the nonperturbative Sudakov
factor for each of them. The consequence would be that, when computing an asymmetry,
the convolution in the numerator of the ratio and the C [ f g1 f
g
1 ] convolution in the
denominator should be allowed to have a different width for SNP. One would then expect
to obtain an increased uncertainty band due to the additional variable width in the ratio.
In practice, we observe that C [ f g1 f
g
1 ] varies little with the width of SNP (cf. Fig. 6.3a). The
only area of phase space where C [ f g1 f
g
1 ] varies significantly with A is at low MQQ and
low PQQT where large bT values are the most relevant for this convolution. However,








1 ] are growing functions of PQQT starting at 0, they
remain rather small in this area. The widening of the uncertainty band due to this extra
varying width can therefore be neglected. We emphasise that if one were to consider





2, it would be necessary




1 ] behaves in a way
similar to C [ f g1 f
g
1 ]; its largest magnitude and the SNP-related variation are found at low








1 ] ratio would be much larger
than when applying identical values of A to both convolutions and the latter method
would significantly underestimate the uncertainty. Such a remark is relevant for a process
like low-energy single quarkonium production where the transverse momentum of the
detected particle is small and the F2 coefficient is sizeable.
Now that we understand how the different elements of the TMD evolution formalism
influence the magnitude and behaviour of the convolutions, we can combine the latter
with their respective hard-scattering coefficients, computed as explained in Chapter 2,
and provide improved predictions for the transverse-momentum spectrum as well as the
azimuthal asymmetries. In addition to J/ψ-pair production, we will also provide plots
for Υ-pair production, as a sufficient number of events could be recorded in the future
high-luminosity phase of the LHC.
6.3 Improved predictions for the TMD observables
Now that we have computed the various TMD convolutions entering the quarkonium-
pair production cross section, we are able to evaluate the observables considered in Chap-
2here we do not since the associated hard coefficient F2 is very small
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ter 5 using the Gaussian TMD model, but with evolution effects taken into account in
the estimations. We remind that one also needs to make several assumptions, espe-
cially about the nonperturbative component of the TMDs that remains unknown, and
that other sources of uncertainty would need to be accounted for in a more complete cal-
culation. The interest of this procedure is to minimise the uncertainty due to our lack
of knowledge of nonperturbative QCD by evaluating perturbatively the TMDs in the rel-
evant validity range of distance/momentum. Although the model can be refined, it is al-
ready interesting to analyse how the inclusion of evolution effects modifies our previous
predictions.
6.3.1 The transverse-momentum spectrum in J/ψ-pair production
We will first consider the normalised transverse-momentum spectrum (PQQT ) for di-J/ψ
production in the LHCb setup previously used to fit an effective value of 〈k2T 〉 using the
experimental data. In Fig. 6.10, we compare the normalised spectrum obtained when
using the Gaussian TMD model with a width 〈k2T 〉 = 3.3 ± 0.8 GeV2 and the evolved TMD
model with bTlim ∈ [2;8] GeV−1. We superpose the normalised LHCb data for di-J/ψ
production from which the estimated DPS contribution has been subtracted. For an
estimated average MQQ of 8 GeV, the plots and data are shown for PψψT up to Mψψ/2.
One can see that the uncertainty band associated with the width of SNP is rather nar-
row when considering the normalised spectrum, yet it does reasonably fit the data points.
Since the range of widths covered by the band correspond to intrinsic values of 〈k2T 〉 rang-
ing from the sub-GeV to the GeV region, we note that it is not possible to constraint the
value of the intrinsic 〈k2T 〉 in SNP of the improved model using these data. One would need
to considerably reduce the uncertainty on the data in order to be able to fit the width of
SNP, and take into account all the theoretical uncertainties as well. In this case, the in-
terest in comparing the model to the data is to show that one can now provide a curve
that fits the points using a realistic sub-GeV value of 〈k2T 〉. This was not possible with the
Gaussian model which was de facto encapsulating perturbative contributions, hence the
large extracted 〈k2T 〉. Moreover, we see that regardless of the SNP width, the transverse-
momentum spectrum is wider when using evolved TMDs, as it develops a perturbative
tail at large PψψT . We further note that larger values of bTlim generate narrower PQQT -
spectra.
6.3.2 Azimuthal asymmetries
In this last section, we discuss the computations of the TMD convolutions in the evolu-
tion formalism. Now, as we did in the previous chapter with the Gaussian model, we can
combine them with their respective hard-scattering coefficients in order to evaluate the
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Gaussian 〈k2T 〉 = 3.3 ± 0.8 GeV2
Evolved f g1 , bTlim ∈ [2;8] GeV−1
LHCb data with DPS subtracted
Figure 6.10: The normalised PQQT -spectrum for J/ψ-pair production at Mψψ = 8 GeV
using two models of the gluon TMDs. The first curve is the Gaussian Ansatz with 〈k2T 〉 =
3.3±0.8 GeV2 fitted to the LHCb data [133] (the red curve shows the central value and the
gray band the associated uncertainty). The second curve is the result of our computation
using TMD evolution. The green band results from the uncertainty on the bT width of
the nonperturbative Sudakov factor SNP. The estimated DPS contribution has been sub-
tracted from the LHCb data (black crosses) which were also normalised over the interval
after subtraction.
magnitude and shape of the 〈cos(2,4φCS)〉 observables. While the convolution ratios in
the Gaussian model using a positivity bound-saturating h⊥g1 were approaching 100%, we
will see that this is not the case when considering evolution.
As expected, the asymmetries undergo a suppression in comparison to the previous
idealistic model. In particular, the bT -space polarised gluon TMD h̃
⊥g
1 is αs -suppressed
in its perturbative region, which particularly affects the cos(4φ)-asymmetry. On the other








1 ] convolutions, by the nature
of the TMD weights they contain in kT -space, encapsulate Bessel functions that make




1 ]. This PQQT widening renders
the ratio in the definition of the asymmetries a continuously growing function of PQQT .
As the whole PQQT dependence of the asymmetries comes from the convolutions, the
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Figure 6.11: The azimuthal asymmetries for di-J/ψ production as functions of PQQT . The
different plots show 2〈cos(2φCS)〉 (a,b) and 2〈cos(4φCS)〉 (c,d), at |cos(θCS)| < 0.25 (a,c) and
at 0.25 < |cos(θCS)| < 0.5 (b,d). Results are presented for Mψψ = 12, 21 and 30 GeV, and for
bTlim = 2, 4 and 8 GeV
−1.
hard-scattering coefficients will only affect the normalisation of these asymmetries. We
present in Fig. 6.11 the computed asymmetries for J/ψ-pair production as function of
PψψT in the central and forward/backward rapidity ranges (in a similar fashion as in Fig.
5.8) for Mψψ = 12, 21 and 30 GeV with the usual SNP-related uncertainty band.
We see that the size of the asymmetries is considerably reduced, with maximal
values around 8% for 2〈cos(2φCS)〉 in the forward range and 2〈cos(4φCS)〉 in the cen-
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tral range. In comparison, these asymmetries were reaching around 16% and 45% in





1 ] then makes 〈cos(4φCS)〉 comparable to 〈cos(2φCS)〉, as the dominance
of the hard-scattering coefficient F4 is compensated by the h̃
⊥g
1 -suppression. We
nonetheless emphasise that these magnitudes remain sizeable and maintain the hope of
measuring asymmetries in the di-J/ψ data. The inclusion of the quark component inside
the perturbative expansion of h̃⊥g1 significantly enhances the size of the asymmetries,
in particular 〈cos(4φCS)〉 which would be several units lower if this contribution was
neglected. We notice that the results at bTlim = 4 GeV
−1 are quite close to those at bTlim
= 8 GeV−1, showing that extending the bT -range of SNP does not bring any significant





convolution reaches higher magnitudes at low Mψψ and since the F3 coefficient peaks





1 ] convolution also substantially decreases with Mψψ, we know that its
associated hard-scattering coefficient F4 conversely grows with Mψψ, up to the limit
F4/F1 = 1. One can see that 〈cos(4φCS)〉 seems to be slightly lower for higher values of
Mψψ, as the fall of the convolution is mostly balanced by the rise of the hard-scattering
coefficient. However, because considering higher scales allows one to compute TMD
convolutions over an extended PQQT -range, and since the asymmetry only grows with
the transverse momentum, it is at higher masses that we obtain the largest magnitude for
the asymmetry.
These trends are clearly visible in Fig. 6.12, where the 〈cos(2φCS)〉 observable depicted
in Fig. 6.12a and 6.12b quickly falls with Mψψ while 〈cos(4φCS)〉 showed in Fig. 6.12c
and 6.12d exhibits a much weaker slope.
We finally present the asymmetries computed for Υ-pair production. The main
difference in the computations for this process when compared with di-J/ψ production
is the mass of the final state meson MΥ ' 9.46 GeV since we approximate the b-quark
mass to be mb = MΥ/2. The nonrelativistic wave function at the origin also differs in
value, but it cancels in the ratios considered here. This reaction typically occurs at higher
scale, the threshold being around 19 GeV. In Fig. 6.13, the asymmetries as functions of
PΥΥT are depicted in a similar fashion as the previous ones but for higher MQQ , namely
MΥΥ = 30, 40 and 50 GeV.
The first observation we make is that the uncertainty band form varying the width
of SNP are thinner than in the J/ψ case. This is an expected consequence of the higher
scales considered that strengthen the large-bT suppressive power of the perturbative
Sudakov factor. This makes SNP less relevant for the value of the convolutions. We also
see that the plots corresponding to different values of MΥΥ are closer to each other than
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Figure 6.12: The azimuthal asymmetries for di-J/ψ production as functions of Mψψ. The
different plots show 2〈cos(2φCS)〉 (a,b) and 2〈cos(4φCS)〉 (c,d), at |cos(θCS)| < 0.25 (a,c)
and at 0.25 < |cos(θCS)| < 0.5 (b,d). Results are presented for PQQT = 4, 7 and 10 GeV, and
for bTlim = 2, 4 and 8 GeV
−1.
in the di-J/ψ case, despite the gap between the considered values being relatively larger.
The main reason is that the convolutions fall slower at large MQQ , a trend which is visible
in Fig. 6.4. Moreover, the hard-scattering coefficients for quarkonium-pair production
vary slower with MQQ because of the greater size of MQ . This effect profits the size of
〈cos(2φCS)〉 at large MΥΥ, as the coefficient F3 does not rise and fall as fast as in J/ψ-pair
production after reaching its peak value, in this case around 40 GeV. Due to the higher
scale under consideration, one can extend the TMD validity range further, up to PΥΥT
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Figure 6.13: The azimuthal asymmetries for di-Υ production as functions of PQQT . The
different plots show 2〈cos(2φCS)〉 (top) and 2〈cos(4φCS)〉 (bottom), at |cos(θCS)| < 0.25
(left) and at 0.25 < |cos(θCS)| < 0.5 (right). Results are presented for MΥΥ = 30, 40 and
50 GeV, and for bTlim = 2, 4 and 8 GeV
−1. Results for MΥΥ = 30 GeV are not included in (d)
as they are below percent level.
= 25 GeV, allowing the asymmetry to grow further. This allows the cos(2φ)-asymmetry
to reach slightly larger values than in the J/ψ case, exceeding 10 % at forward θCS as
can be seen in Fig. 6.13b. On the other hand, the slower growth of the hard-scattering
coefficients with MΥΥ reduces the size of 〈cos(4φCS)〉 which was taking advantage of
the increase of F4 with the energy. One sees that the curves in Fig. 6.13c and 6.13d are
mostly overlapping, the slower growth of F4 being compensated by the slower fall of
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Figure 6.14: The azimuthal asymmetries for di-Υ production as functions of Mψψ. The
different plots show 2〈cos(2φCS)〉 (a,b) and 2〈cos(4φCS)〉 (c,d), at |cos(θCS)| < 0.25 (a,c)
and at 0.25 < |cos(θCS)| < 0.5 (b,d). Results are presented for PQQT = 10, 15 and 20 GeV,






1 ]. Therefore, while the asymmetry appears a bit smaller in the Υ case, it
remains quite sizeable, reaching 6 % at MΥΥ = 50 GeV.
When plotting the asymmetries as functions of MΥΥ (cf. Fig. 6.14), we indeed observe
that the slopes of the curves are much weaker than in the J/ψ case. One can even notice
the progressive sign change of 〈cos(4φCS)〉 at low transverse momentum and forward
rapidities, as the covered phase space sees the hard-scattering coefficient change sign
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with growing MΥΥ.
In conclusion of this chapter, we have analysed in detail the way the gluon TMD-
evolution formalism, which we introduced in Chapter 2, impacts the TMD observables
in quarkonium-pair production. We have implemented a Gaussian nonperturbative
Sudakov factor with a varying width between reasonable bounds in order to understand
how the nonperturbative component of TMDs affects the various convolutions. We have
also investigated the role of the perturbative elements inside each convolution. We have
finally presented our improved results and compared them with those of Chapter 5,
in order to assess the effect of evolution on the observables. The conclusions of the
analysis using Gaussian TMDs drawn in the previous chapter are modified by TMD
evolution. The transverse-momentum spectrum is widened and the asymmetries grow
with PQQT . The asymmetries are significantly smaller as h
⊥g
1 is αs suppressed, and the
cos(2φCS) and cos(4φCS) asymmetries become comparable in size as the latter is doubly
suppressed. Finally, we have added results for Υ-pair production as such a process
presents interesting advantages on the theoretical side and more data is expected to be
recorded in the future high-luminosity phase at the LHC. In addition, we saw that the
impact of SNP was logically more important at low scale; a proper extraction of SNP would
therefore require low-mass data.
In the next chapter, we will focus on the hard-scattering coefficients in polarised
quarkonium-pair production. In particular, we will present results in the high-mass and
threshold limits in the helicity frame, and see how this helps us shed some light on the




We have seen, through an analysis of the helicity structure of the gluon TMD correlator,
that the polarised gluon TMD h⊥g1 flips the helicity of an initial-state gluon between
the scattering amplitude and its complex conjugate. Such a property allows one to
decompose the hard-scattering coefficients of the different TMD convolutions in sums
of helicity amplitudes. The cross section therefore presents a richer structure in terms
of helicity amplitudes than in the collinear case, where helicity flips do not occur. In
this chapter, we will see how decomposing the different coefficients in terms of helicity
amplitudes allows to better understand their behaviour across the phase space and how
they make quarkonium-pair production a process of great interest for TMD study. We
will inter alia be able to use the amplitudes obtained for J/ψ-pair production in the
context of Central Exclusive Production (CEP) that present interesting expressions in the
high-energy and threshold limit.
Working with helicity amplitudes also implies studying the polarisation states of the
outgoing quarkonia. Given the difficulties one faces when trying to explain polarised
quarkonium production data, it is interesting to find new ways to explore this topic. As
quarkonium-pair production within the TMD framework presents a richer helicity struc-
ture, it could offer new ways to study polarised production. We will study polarised pair
production within the Gluon Centre-of-Mass (gCM) frame. We will compare these helic-
ity amplitudes to the hard-scattering coefficients derived in Chapter 5, and in particular
in the high-mass and threshold limits.
7.1 Helicity amplitudes in the high-mass limit
The gCM frame is the frame where the initial-state gluons have opposite momenta, so
that the pair is at rest. It is usually not accessible experimentally. However, at LO in αs ,
there are no gluons attached to the quark line. Due to momentum conservation, the
rest frame of the final-state quarkonia coincides with that of the gluons. The partonic
sub-process is then identical to that of CEP. The spin-quantisation axis (SQA) in this
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this axis corresponds to its helicity in the gCM. We remind that in the case of a final state
with identical particles as in quarkonium-pair production, the amplitude is symmetrical
under the exchange of the quarkonium momenta. This implies that the polarised cross
sections are also identical under polarisation state exchange, provided that the SQA itself
is invariant under exchange of the momenta of the two gluons in its definition. Therefore
one finds that σT L = σLT (and σU L = σLU ) in the gCM frame. Similarly, cross-section
ratios of the different polarised contributions in the gCM frame are invariant under a
boost of the CM of the pair. In such a frame where the dynamics do not depend on the
partonic momentum fractions x1,2, one can factorise the rapidity of the pair ypai r out
of the polarised squared amplitude; the latter then depends only on the rapidity gap
between the quarkonia ∆y . This pre-factor cancels in the cross-section ratios.
Meson-pair production has been studied by computing the helicity amplitudes as-
sociated with the process in the frame of Central Exclusive Production (CEP) in [142],
while [143] specifically focused on J/ψ pair production. As exclusive production does
not allow any final-state gluon emission, the hard-scattering amplitude corresponds to



















where k1 and k2 are the momenta of the two initial gluons while q1 and q2 are the mo-
menta of the outgoing J/ψ mesons, and the ε are their respective polarisation vectors of
helicity λ contracting the bare amplitude. In [143], the helicity amplitudes were com-
puted in the high-mass limit where MQQ →∞. One can write the amplitude as a func-
tion of α= 2Mψ/Mψψ and cos(θCS). Therefore the high-mass limit corresponds to α→ 0,
which is equivalent to quarks and mesons being massless in the hard scattering. The var-
ious helicity amplitudes happen to have very simple forms in the high-mass limit, despite
the bare amplitude being a complex tensor resulting from the contributions of 31 distinct
Feynman diagrams. Amplitudes with transversely polarised mesons in the final states
(T T states in the gCM frame) correspond to helicities λq1,q2 =±1 and read as follows:
Mλk1λk2 ;++ =Mλk1λk2 ;−− = 0, (7.2)
M++;+− =M++;−+ =M−−;+− =M−−;−+ = 0, (7.3)
M+−;+− =M−+;−+ =−16C α2 cos(θCS) (1+cos(θCS)) , (7.4)
M+−;−+ =M−+;+− = 16C α2 cos(θCS) (1−cos(θCS)) , (7.5)
where C = 2π|R0(0)|2α2s /M 3Q is a constant. The azimuthal phase φCS is left out of these
expressions, but amplitudes with two gluons having opposite helicities contain a phase
factor e±2iφCS , independently of the final state polarisation. One can see from Eq. (7.2)
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that amplitudes with a final-state helicity of 2 do not contribute. Indeed in the high-mass
limit where quarks become massless, helicity conservation along the quark propagator is
restored. Moreover, in the nonrelativistic limit, the helicity of the J/ψ is given by the sum
of the helicities of its constituent quark and antiquark. The latter must therefore add up
in order to have λ 6= 0. Since Feynman diagrams for di-J/ψ production at leading order
in αs contain two quark lines whose helicities are constrained by the required helicity of
the produced quarkonia, it is easy to see that final states with helicity λψ1+ψ2 = 2 (i .e. ++
and – states) would not respect helicity conservation. In addition to this, Eq. (7.3) shows
that amplitudes with one particle whose helicity differs from others also cancel. Such
a suppression can be demonstrated for scattering amplitudes of n massless partons (in
our case n = 6) [144]. The only non-zero amplitudes, given in Eq. (7.4) and (7.5), present
indeed a very simple form despite being the product of many diagrams.
It should be noted that all amplitudes vanish in the high-mass limit as the total cross
section falls with growing Mψψ, even though some are written to be zero and some other
are not, where the α2 factor (corresponding to a scaling in 1/M 2ψψ) is kept in the expres-
sion. Such values correspond to the leading-power terms of the Taylor expansion of the
amplitudes in α. When one amplitude is written to be equal to 0, it is to be understood
that this amplitude is sub-leading in the high-energy limit and is therefore neglected. The
amplitudes with one transverse and one longitudinal meson (LT states) or two longitudi-
nal mesons (LL states) are:
Mλk1λk2 ;0± =Mλk1λk2 ;±0 = 0, (7.6)
M++;00 =M−−;00 = 0, (7.7)






Again Eq. (7.6) ensues from helicity conservation for massless quark lines. Therefore the
mixed polarisation (LT states) amplitudes are all zero for MQQ → 0, meaning the two
mesons are either both longitudinally or transversally polarised. It occurs that (±±;00)
states also do not contribute in the high-energy limit, as seen in Eq. (7.7). Part of the gluon
fusion diagrams involved in meson-pair production have similar expressions to photon
fusion diagrams, where the only difference in the structure of the Feynman diagram is the
coupling in the vector boson - quark - antiquark vertex. It was shown for γγ→ π0π0 that
a diagram with same-helicity photons are proportional to an (e1 − e2) factor, where e1
and e2 are the absolute value charges of the quarks forming the final-state scalar meson.
Therefore in the case of flavour-singlet scalar mesons, the amplitude vanishes. This is
logically applicable to the diagrams of J/ψ- and Υ-pair production where gluons can be
substituted to initial-state photons, provided that the final state quarkonia have helicities
equal to zero. However, more diagrams contribute to CS quarkonium-pair production
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due to the existence of the three-gluon and four-gluon vertices. These diagrams also
happen to cancel in the high-mass limit, effectively making the (±±;00) amplitudes null.
Therefore, the only contribution to LL final states will come from gluons with opposite
helicities.
It appears from Eq. (7.8) that the LL final state has an amplitude zero at
cos(θCS) =
p
CF /Nc = 2/3. Such an effect, also labelled a ’radiation zero’ and present in all
theories with massless bosons, may occur in QCD but is usually washed out by the sum
over colours associated with the hadronisation process or by higher-order corrections.
The position of the zero results from an interplay between the parameters of the theory
(in this case, colour factors) and the kinematics of the reaction (the angle θCS of the pair).
It was already noted in [143] that J/ψ-pair production presents an interesting oppor-
tunity to observe a QCD radiation zero. Indeed, because only the (±∓;00) amplitudes
contribute to the LL final state, it is technically possible to detect the radiation zero by
studying the angular distribution of longitudinal pairs of mesons. Furthermore, the fact
that LT -state amplitudes also cancel at high mass means that only one J/ψ meson needs
to be measured in a longitudinal polarisation state in order to ensure the pair is in an LL
state, and so subject to the amplitude zero (σLT = 0 ⇒ σLU = σLL). Equivalently, if one
detects transversely polarised mesons, a peak to 100% transverse polarisation should
be observed at cos(θCS) = 2/3. However, it is likely that higher-order corrections will
neutralise this peak in most cases: this includes mass corrections due to Mψψ being
actually finite, but also diagrams with higher powers of αs as well as CO contributions
(those are subleading but could dampen the zero). Studying the radiation zero in the
TMD formalism is of great interest, as the formalism is valid in a regime where one avoids
real-gluon emissions that could potentially wash out the radiation zero.
As aforementioned, the helicity amplitudes in Eq. (7.2)-(7.8) that have two gluons with
opposite helicities lack a phase factor e±2iφCS . Such a phase is not relevant in the collinear
approximation where no helicity flip is possible. In such a case, the product of an am-
plitude with its complex conjugate cancels the phase out. The situation is different in
the TMD framework. For example, the helicity cross sections in the F (
′)
3 term each mul-
tiply a helicity amplitude with no phase with a helicity amplitude with a phase e±2iφCS .
One can therefore extract a factor e2iφCS + e−2iφCS ∼ cos(2φCS) from the sum, meaning
the azimuthal modulation actually comes from the hard-scattering coefficient. For the
F4 term, one gets that two amplitudes describing the same final state but with inverted
gluon helicities have opposite phases, namely M+− ;λq1λq2 = (M−+ ;λq1λq2 )∗. The prod-
ucts encountered in the helicity cross sections then add the phases up, allowing one to
extract a factor e4iφCS + e−4iφCS ∼ cos(4φCS) from F4. In the high-mass limit, one can use
equations (7.2)-(7.8) and (2.13),(2.14) to evaluate the different hard-scattering coefficients
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of the TMD cross section for (un)polarised J/ψ pair production. Their expressions read
as follows:







F LT g1 = 0,
F T T g1 = 2(M 2+−;+−+M 2+−;−+)





F LLg4 = F
LLg
1 ,
F LT g4 = 0,
F T T g4 = 4M+−;+−M+−;−+





F al l2 = F (
′)al l
3 = 0. (7.9)
We emphasise that all amplitudes are real. The amplitude products contributing to F2
always contain amplitudes of the type (λλ;λq1λq2 ) or (−λλ;λλ) that are all sub-leading
in the high-mass limit, making it zero as previously mentioned in Chapter 7. These
suppressions find their origin in both helicity conservation in the massless limit and in
identities applied to this specific case of 6-parton scatterings, as well as the suppression
of the photon-fusion-like diagrams for a flavour-singlet state. F2 is therefore negligible
for all final-state polarisations at high masses. The F (
′)
3 coefficients also become sublead-
ing for all polarisations as their amplitude products contain the same types of amplitudes.
F1 receives contributions of all kinds of amplitudes, and thus from the few that
are leading at high masses: (+−;+−), (+−;−+), (+−;00) plus the amplitudes obtained
after exchange of the two mesons. Again, we see that LT states do not appear at high
energies in any hard-scattering coefficient (see Eq. (7.6)) as a consequence of helicity
conservation along the massless quark lines. The LL state experiences the radiation
zero at cos2(θCS) = CF /Nc as the amplitudes containing the zero are the only leading
ones contributing. F4 contains products of amplitudes that are either of the type
(+−;++)(−+;++) or (+−;+−)(+−;−+) for the T T state, and (+−;00)(−+;00) = (+−;00)2
for the LL state. The first type of products are subleading, but not the second nor the third
that only combine leading amplitudes. Indeed as a consequence of its definition, this
coefficient only contains amplitudes with opposite-helicity gluons. Moreover, since there
is no helicity flips between the amplitude and its conjugate for the final-state quarkonia,
the leading and sub-leading amplitudes will not mix together as it occurs for F (
′)
2,3, making
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F4 of the same order in α as F1. Furthermore, one finds that F
LLg
4 is exactly equal to
F LLg1 , as they must use combinations of amplitudes that happen to be invariant under
the double helicity flip associated with h⊥g1 , and are therefore equal. For T T final states,
although both coefficients combine the leading amplitudes differently, they appear to
be similar: the ratio F T T g4 /F
T T g
1 is equal to (cos
2(θCS)−1)/(cos2(θCS)+1). This explains
why, in the central production case where cos(θCS) = 0 and the ratio is equal to one, both
coefficients are strictly equal even for unpolarised production.
The radiation zero from the high-mass limit, already found out for double J/ψ
CEP, also appears in TMD factorisation that introduces additional terms to the cross
section. Indeed, the F2 coefficient is sub-leading in this limit and remains moreover
negligible away from the threshold. On the other hand, the helicity amplitudes and
their combinations appearing in the different hard-scattering coefficients of the TMD
formalism allow the F4 coefficient to be comparable with F1 (and incidentally to inherit
the radiation zero in its longitudinal component). At the same time, the remaining
coefficients are suppressed, creating this unique configuration that could allow to
extract the cos(4φCS)-asymmetry from quarkonium-pair production data. We have seen
that the suppression of such a large number of helicity amplitudes finds its origin in
different mechanisms: helicity conservation in the massless limit associated with the
transposition of the QQ̄ pair quantum numbers to its parent meson in the nonrelativistic
limit, the cancellation of specific diagrams for pairs of flavour-singlet mesons, as well as
identities for 6-parton scatterings. Because of all these requirements, it seems that such
a configuration of the TMD hard-scattering coefficients would be hard to find in another
process than di-J/ψ or di-Υ production, that also occurs to be accessible experimentally.
We provide in Appendix B the full expressions for the unpolarised hard-scattering
coefficients as well as in the LL and LU polarisation states in the gCM, i .e. without
requiring the high-mass limit. From these three states, one can obtain the LT and T T
states by subtraction. Using the full expressions for the hard-scattering coefficients in the
gCM frame, one can check how the amplitude zero survives the mass corrections for a
J/ψ pair in an LU polarisation state. Fig. 7.1 presents the coefficients F LUg1,4 as functions
of cos(θCS) for increasing values of Mψψ:
Near the mass threshold, the mass corrections are too important and no specific can-
cellation pattern is seen. Yet slightly above, at MQQ = 10 GeV, one can see that the F1
coefficient already shows signs of the amplitude zero, although its position in cos(θCS) is
shifted away from the expected value of 2/3. This is interesting as α is not so small yet,
around 0.62, but expected since the leading amplitudes are still of order α4 which is then
about 0.15. The consequence is that the LL amplitude quickly approaches its high-mass
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Figure 7.1: The F1 and F4 coefficients for a J/ψ pair produced in a LU polarisation state,
as functions of cos(θCS) for different values of MQQ
limit while the LT amplitudes (that are nonzero in the general case) do not excessively
attenuate the suppression around cos(θCS) = 2/3. It may therefore be possible to detect a
partial cancellation of the cos(θCS)-differential cross section in J/ψ pairs with at least one
longitudinally polarised meson. The F4 term also presents the characteristic zero despite
mass corrections, although it requires higher values of MQQ in order to be visible. More-
over, the zero in this case would be very challenging to detect as it would require to extract
the TMD cos(4φCS)-modulations in addition to the measurement of one J/ψ polarisation.
7.2 Helicity amplitudes in the threshold limit
We will now consider the same helicity amplitudes in the threshold limit, i .e. when
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where it is understood that helicities λ that are not written as zero are equal to plus or
minus one. The computation of the transverse helicity amplitudes therefore gives:
M±±;±± =M±±;∓∓ = 4C
9
,
M±±;∓± =M±±;±∓ = 0,









while LT amplitudes are:















and we recall that the final state being symmetric under the exchange of the two mesons,







We observe that amplitudes with gluons in the same helicity state that correspond
to spin projection Jz = 0 still tend to be suppressed at threshold when compared with
opposite-helicity ones, although they are not all subleading as in the high-mass limit. The
suppression is a factor 7 at least (hence 49 in the squared amplitude). This feature appears
to be specific to the process: it is for example not observed in γγ→ W +W − [145]. We
also see that gluon pairs in a Jz = 0 state generate amplitudes with no θCS-dependence,
while Jz = 2 amplitudes always contain a cos(θCS). This is also the case in the high-mass
limit, although it was not as clear as all Jz = 0 amplitudes are subleading in this limit. The
cancellation in the second line of Eq. (7.11), that we also see at high masses (cf. Eq. (7.3)),
actually appears to hold for any value of the centre-of-mass energy and is found in many
other processes such as γγ → W +W −, γγ → qq̄ and g g → qq̄ . The hard-scattering
coefficients in the threshold limit reduce to:
F LLg1 = 2(M 2++;00 +M 2+−;00)
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F LT g2 = 0,










F LT g3 = 0,





















When compared with the unpolarised coefficients at threshold presented in Eq. (5.5),
one first notices that the polarised F3 and F4 coefficients generally do not vanish, while
the unpolarised ones do. Summing the polarised coefficients together (counting the
LT contribution twice as it is equal to the T L one) shows that an exact cancellation
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between different polarisation states occurs for both coefficients. Moreover, in the
central production configuration cos(θCS) = 0, we retrieve the ratio FUU2 /FUU1 = 3/787,
showing that the F2 coefficient is also small enough at low masses to neglect its effect
on the TM spectrum. Interestingly, F LLg1 becomes equal to F
LLg
2 in the forward limit
cos(θCS) = 1 (F2 itself is θCS-invariant as it only combines same-gluon-helicity states).
However in this region of the phase-space, factorisation cannot be trusted because of
numerous interactions of the mesons with proton remnants [142].
In conclusion, we have seen that working with the helicity amplitudes for quarkonium
pair production allows us to shed light on this process and its interest for the study of the
gluon TMDs. The many simplifications appearing in the high-mass and threshold limits
make the analysis of the reaction at LO relatively simple considering the number of par-
tons involved in the process. Such a situation, that allows in particular the F4 coefficient
to become comparable to F1 at high masses and even equal to it for θCS = π/2, is prob-
ably unique to J/ψ and Υ pair production. Since the former are abundantly produced
and the process is likely free of radiations, it can also allow us to detect a QCD radiation
zero in longitudinal vector quarkonium production. Indeed, the zero remains present in
the TMD cross section. This is interesting since the applicability of TMD factorisation
requires the absence of gluon emissions that also erase the amplitude zero. Its detectabil-
ity is therefore maximal in the TMD validity range. We showed in Fig. 7.1 that the zero
survives at reasonably low masses for pairs with at least one longitudinal meson.
Conclusions
In this thesis, we have studied the possibility to access the gluon TMDs inside unpolarised
protons in collisions at the LHC, which could also be studied at RHIC and using Tevatron
data. We have first introduced the notions of factorisation of hadronic cross sections in
terms of hard-scattering amplitudes at the partonic level and correlators that describe
the extraction of a parton from its parent hadron. We have seen that these correlators
containing the information about the hadron structure could be parametrised in terms
of functions which have a probability density interpretation: the PDFs.
We have then extended factorisation to take into account the intrinsic transverse
momentum of the partons. The new correlators are parametrised in terms of transverse
momentum-dependent PDFs, also called TMDs. We have seen in particular that the
gluon correlator for an unpolarised proton can be written using two different TMDs de-
noted f g1 and h
⊥g
1 . We have then provided the expression for the cross section describing
a gluon-fusion-induced process with a two-particle final state in the TMD formalism. We
have shown that such a cross section could be separated in four terms containing various
convolutions of two gluon TMDs, each convolution being multiplied by a hard-scattering
coefficient as a result of factorisation. This expression is valid for all inclusive g g → X1X2,
only its hard-scattering coefficients vary with the observed final state. The convolutions,
denoted C [ f g1 f
g












1 ], are associated with
different dependences in the azimuthal angle φCS defined by the two particles in the final
state. While the terms containing C [ f g1 f
g




1 ] are azimuthally invariant,















respectively generate cos(2φCS) and cos(4φCS) asymmetries. The azimuthally invariant
terms affect the transverse-momentum spectrum of the cross section. In addition, we
have shown that the helicity structure of the gluon correlator combines f g1 and h
⊥g
1 with
different products of helicity amplitudes. f g1 is associated with products of amplitudes
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with no gluon helicity flip, while h⊥g1 multiplies products of amplitudes with a helicity flip.
We have then presented a formalism to account for the evolution of TMDs with
the scale of the process in order to account for a class of QCD corrections for TMD
observables previously defined. Such a procedure is realised in the coordinate space in
order to simplify the computations. We have then provided in Eq. (2.30) the expressions
for the convolutions accompanied by the relevant modifications brought by the evolution
formalism.
We have then discussed the mechanisms at work in quarkonium production in col-
liders, in particular the Colour-Singlet Model and Colour-Octet Mechanism embedded
in the effective theory NRQCD. We have also briefly presented some of the successes
and remaining challenges, before giving an overview of the opportunities of (associated)
quarkonium production for the study of the gluon TMDs. We have argued that associated
or pair production was a more viable option in order be able to observe particles with
large transverse momenta within the TMD validity range. It also allows one to study TMD
evolution by tuning the hard scale, which is impossible in single quarkonium production.
We have then presented the processes that have been considered in the literature, before
turning toward J/ψ- and Υ-pair production, which is a promising tool for gluon TMD
study. In particular, we have argued about the dominance of CS contributions at LO,
a necessary (although not sufficient) condition for TMD factorisation to hold in such
a process. We have discussed about the ease to observe J/ψ pairs in colliders as the
number of already existing studies can attest. We have also emphasised the possibility
that contributions to quarkonium-pair production from double parton scatterings and
feed-down from heavier states may account for a significant fraction of the data. The
consequence is that these contributions must be properly modelled in order to extract
the direct component of quarkonium-pair production that we are interested in.
In Chapter 5, we have used in first place a simple Gaussian-based model for the
gluon TMDs in order to make predictions of the magnitude of TMD observables in





1 ] to the cross section was negligible because of the small size of F2. This
makes f g1 the only TMD necessary to describe the PψψT spectrum of J/ψ pairs. We
have also shown that, in the high-mass limit at central rapidities, the coefficient F4 was
becoming equal to F1, maximising the size of the cos(4φCS) asymmetry. On the other
hand, the other contributions were falling down, which represents a great opportunity
for the measurement of the 〈cos(4φCS)〉 asymmetry. Using a Gaussian expression for f g1 ,
we have fitted the LHCb PψψT spectrum in the region where TMD factorisation should
apply, in order to extract the width of f g1 . We have found it to be of the order of 3 GeV.
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Such a value is larger than the mass of the proton and it indicates that the TM of the
gluons entering the hard scattering is inflated by the effect of evolution. Using this width
as parameter for f g1 and, using two different models for h
⊥g
1 , we have computed the
azimuthal asymmetries for different masses and rapidity differences of the pair. We found
that, when using a saturation model, those could reach impressively large values (up to
50%), which we have explained to be a consequence of the favourable hard-scattering
coefficients of the process.
We have then improved our study by including TMD evolution into the computa-
tions. This allows us to consider a class of QCD corrections. To do so, we have used
the bT -space expressions for the convolutions previously derived which contain the
required perturbative and nonperturbative Sudakov factors, S A and SNP. While S A can be
evaluated perturbatively, SNP needs to be modelled as it contains the information about
the nonperturbative behaviour of the gluons. We have used for this component a simple
bT Gaussian with a width depending logarithmically on the hard scale. We have varied
this width between the perturbative limit and the size of the proton which we considered
to be the widest reasonable bounds one can take. This has allowed us to observe how
the variation influences the cross section. We also have provided a detailed account of
the influence of each component inside the convolutions over the final observables. We
have then observed in particular a widening of the PQQT spectrum as compared with
the Gaussian model. Yet we have noted that the LHCb data are not sufficient to provide
constrains on the width of SNP.
Regarding the azimuthal asymmetries, we have noticed the expected suppression
due to the perturbative expansion of h⊥g1 that suppresses it by one order in αs compared
to f g1 . We have found the asymmetries remain sizeable, reaching up to 8% in the di-Jψ
case and 10% in the di-Υ case. Finally, we have found the asymmetries to be consistently









1 ] convolutions in the evolution formalism that, to our
knowledge, went unnoticed until now.
We have finally pushed further the analysis of the hard-scattering coefficients for
di-J/ψ and di-Υ production in the helicity formalism. To do so, we have studied the
helicity structure of the correlators and therefore that of the hard-scattering coefficients
in terms of helicity amplitudes. We have found that the amplitudes contributing to
F2 were all subleading at high masses, which explains its suppression in the process.
We have also noted that in this high-mass limit, the helicity amplitudes contributing
to F1 and F4 were comparable, explaining the important size of the cos(4φCS)-asymmetry.
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Considering the amplitudes at threshold also allowed us to explain the behaviour of
the cross section in this regime. In particular, we have seen that the suppression of the
unpolarised F3 and F4 coefficients near the threshold results from a cancellation between
their polarised components which are generally nonzero. We have also found that the am-
plitude zero existing at high masses in CEP for longitudinally-polarised-pair production
was preserved in the TMD limit. Polarised-quarkonium production is notoriously diffi-
cult to describe theoretically. Finding new observables, such as azimuthal asymmetries,
could allow us to test our models of polarised production in different ways and therefore
bring some new insight on the question.
Appendix A
Appendices
A TMD convolutions in bT -space




1 ] convolution ex-
pressed in impact-parameter space presented in Eq. (2.20) as a function of h̃⊥g1 defined
in Eq. (2.19), starting from the momentum-space definition. Using the definition from

































2T ) , (A.1)
where q T refers to the total transverse momentum of the system and is used here for
brevity. We use the Dirac delta to switch to bT -space and put all the terms in the transverse
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2δi lδ j mδabδcd +8δi aδ j bδl cδmd
−8δi lδ j aδmbδcd −δi jδlmδabδcd
)
. (A.2)
One can express the transverse-momentum integrals as functions of the impact-
parameter components instead of the momentum ones:∫
d2k T e



















































If one changes the Cartesian variables (kxT ,k
y
T ) to polar ones (kT ,θ), the angular integrals














































T J2(bT kT )h(k
2
T ) . (A.5)
We then use this result inside Eq. (A.3), which is itself used for each transverse-




































2T J2(bT k2T )h(k
2
2T ) . (A.6)
We notice that only the product of integrals containing J2(bT k1T )J2(bT k2T ) survives, while
terms containing J0(bT k1T )J0(bT k2T ) or J0(bT k1,2T )J2(bT k2,1T ) vanish. The remaining in-
tegrals are proportional to the second b2T -derivative of the Fourier-transformed TMD:
h̃⊥g (2)1 (x,b
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T ) . (A.7)
We can then replace the kT -integrals of h
⊥g
1 by the Fourier-transformed distributions and

























dθ e−i bT qT cos(θ)

















T ) . (A.8)
The separation between the radial and angular components of the integral allow to sim-
plify the q4T factor in the numerator and denominator. We notice how the angular inte-
gral simply results in a Bessel function J4(bT qT ) which therefore encodes the whole qT -
dependence of the convolution. Finally, one can replace h̃⊥g (2)1 by the function defined
in Eq. (2.19), called h̃⊥g1 for brevity. We therefore re-define h̃
⊥g
1 , and the correspondence




















T ) . (A.9)






















T ) . (A.10)
The computational steps are analogous for the other convolutions in order to retrieve all
the expressions of Eq. (2.20).
B g g →QQ hard-scattering coefficients
B.1 The full expressions of the fi ,n for unpolarised J/ψ-pair production
The factors fi ,n in Eq. (5.1) multiplying the cos(θCS)-polynomials in the hard-scattering
coefficients describing unpolarised J/ψ- and Υ-pair production are polynomials in α
themselves, and we recall α= 2MQ/MQQ :
f1,0 = 6α8 −38α6 +83α4 +480α2 +256,
f1,1 = 2(1−α2)(6α8 +159α6 −2532α4 +884α2 +208),
f1,2 = 2(1−α2)2(3α8 +19α6 +7283α4 −8448α2 −168),
f1,3 =−2(1−α2)3(159α6 +6944α4 −17064α2 +3968),
f1,4 = (1−α2)4(4431α4 −27040α2 +17824),
f1,5 = 504(1−α2)5(15α2 −28),
f1,6 = 3888(1−α2)6, (A.11)
f2,0 =α4,
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f2,1 =−2(α6 +17α4 −126α2 +108),
f2,2 = (1−α2)2(α4 +756),
f2,3 =−36(1−α2)3(α2 +24),
f2,4 = 324(1−α2)4, (A.12)
f3,0 =α2(16−3α2),
f3,1 = 6α6 +159α4 −1762α2 +1584,
f3,2 = (1−α2)(3α6 +19α4 +5258α2 −6696),
f3,3 =−(1−α2)2(159α4 +5294α2 −10584),
f3,4 = 18(1−α2)3(99α2 −412),
f3,5 = 1944(1−α2)4, (A.13)
f4,0 = 3α4 −32α2 +256,
f4,1 =−(6(α4 +36α2 −756)α2 +4768),
f4,2 = 3α8 +38α6 +11994α4 −32208α2 +20400,
f4,3 =−2(1−α2)(105α6 +5512α4 −23120α2 +19520),
f4,4 = (1−α2)2(3459α4 −30352α2 +38560),
f4,5 = 72(1−α2)3(105α2 −268),
f4,6 = 3888(1−α2)4. (A.14)
B.2 The hard-scattering coefficients for polarised J/ψ-pair production
in the gluon helicity frame
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where cθ = cos(θCS).

Lay summary
The strong nuclear force was first theorised in order to explain how the atomic nucleus
was bound together in spite of the protons mutual electromagnetic repulsion. It is an
attractive force acting upon protons and neutrons (also called nucleons). It was later
understood that protons and neutrons were not elementary particles but made up of
constituent particles called quarks. Their interactions are described by Quantum Chro-
moDynamics (QCD). Quarks carry a “colour” charge (in addition to an electric charge)
which can be red, green or blue. Quarks with different charges attract each other and
their interactions are mediated by a gauge boson called gluon. The strong nuclear force
that binds nucleons together is actually a residuum of the strong interaction between
quarks.
A crucial difference between the strong and electromagnetic interactions is that the
gluon carries a colour charge, while the photon is electrically neutral. A consequence is
that gluons can interact with each other in addition to their interactions with quarks. One
quark and gluon can radiate many low-energy gluons, which can themselves interact
with other quarks and gluons. The result is that the strong coupling αs is actually larger
at low energies than high energies, which correspond to small scales (since wavelength
is decreasing with increasing energy). This phenomenon is called the running of the
coupling and also happens for the electromagnetic coupling α, but the opposite way. It
even tends toward zero at infinitely large energy, meaning quarks and gluons are almost
blind to each other at these energy scales: this behaviour is called asymptotic freedom.
On the other side, the coupling becomes infinite for a sufficiently low (yet finite) energy
scale at which perturbative QCD breaks down and cannot be trusted.
Particles composed of quarks and gluons are called hadrons. Two mains types of
hadrons exist: mesons are made up of a quark-antiquark pair, while (anti)baryons
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contain three (anti)quarks. Other types of hadrons have been discovered since, such as
tetraquarks and pentaquarks. The existence of other exotic hadrons predicted by QCD,
such as glueballs or exotic mesons, remains to be proven. Neither quarks nor gluons have
ever been directly observed. In addition, all hadrons are colour-neutral. This means that
colour remains confined inside hadrons at all times. The quarks inside a baryon each
carry a different colour, that cancel the total charge of the hadron. A meson contains a
quark of a given colour and an antiquark of the corresponding anticolour. Confinement
is believed to be a consequence of the divergent growth of αs with increasing length
scales, although a complete mathematical demonstration of confinement remains to be
established.
This decomposition of hadrons into a small number of quarks and gluons is called
the valence structure. It reproduces the quantum numbers of hadrons and their classi-
fication, but does not describe the structure of hadrons in collisions. Deeply Inelastic
Scattering (DIS) was the first process used to probe the structure of the proton in collid-
ers. It occurs when an electron collides with a proton with a large momentum transfer Q.
Their interaction can be described using perturbative Quantum ElectroDynamics (QED),
in which the interaction is mediated by a virtual photon. The proton is destroyed in the
process while the scattered electron momentum is compared with the incident one in
order to get information about the proton. The photon therefore acts as some kind of
microscope: the larger Q is, the smaller scales are explored. At the fundamental level, the
photon scatters with one quark.
One can separate the DIS cross section in two parts. On one side, the small-scale
photon-quark scattering, also called hard scattering, that is characterised by a large
momentum transfer and can be computed using perturbative techniques: in this case
an expansion of the transition matrix in powers of α that is sufficiently small. The
corresponding leading contribution in terms of Feynman diagrams is the virtual photon
exchange between the electron and the quark. On the other side, the “extraction” of a
quark from the large-scale proton state cannot be described using perturbative QCD as
the strong coupling is also large. However, one can factorise the small- and large-scale
components of the reaction, and the second one can be parametrised using Parton
Distribution Functions (PDFs). These functions are probability densities of finding a
quark or gluon carrying a fraction x of the proton momentum (hence the name parton
now assimilated to quarks and gluons), for a given value of Q. The PDFs therefore
describe the structure of the proton at various scales and cannot be computed using
perturbative QCD. Instead they need to be extracted from experimental data. However,
their presumed universality (the distribution supposedly is an intrinsic characteristic of
the proton, not the way it is studied) allows one to predict cross sections for all kinds of
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hadronic reactions, as the parton-level scattering can be computed using perturbative
QCD. Naturally, the PDFs evolve with the probed scale as a side effect of the running of
αs , meaning that electrons probing different scales will “see” different populations of
partons inside the proton. The factorisation of the short- and large-scale components of
a hadronic process is complicated to justify as partons entering the hard scattering can
exchange low-energy gluons with their environment, but has been rigorously proven for
PDFs. In this picture, the only component of the parton momentum that is not integrated
out is the one that is collinear to the parent proton momentum.
Transverse momentum-dependent factorisation is used to describe hadronic colli-
sions while taking into account the intrinsic transverse momentum of partons inside
hadrons. This requires the use of Transverse Momentum-Dependent Parton Distribution
Functions (TMDPDFs or simply TMDs) in order to parametrise the parton correlator.
Such distributions need to be extracted from experimental data. Quark TMDs are
relatively well known thanks to processes such as semi-inclusive deep inelastic scattering
(SIDIS) and Drell-Yan for which numerous data exist. Gluon TMDs remain poorly known,
since there is no ideal process to probe them in the operating colliders. The future
Electron-Ion Collider (EIC) will offer a much better access to them, but its first run
remains at least 10 years from now. Moreover, it is important to study TMDs in various
kinds of processes in order to check their universality which is not as trivial as that of
collinear PDFs.
We propose to use quarkonium-pair production to study the two leading-twist gluon
TMDs needed to describe unpolarised proton collisions at the Large Hadron Collider
(LHC). Quarkonia are mesons, i.e. bound states of a quark-antiquark pair. In the case of
a quarkonium, the pair is made of heavy flavours: charmonia combine a charm with an
anticharm, while bottomonia combine a bottom with an antibottom. J/ψ mesons are
the fundamental state of vector charmonia and are produced in large amounts at the
LHC. J/ψ pairs originate from gluon fusion in vast majority, which is important in order
to focus on gluon TMDs. Studying two-particle final states also allows to tune the hard
scale of the process that is the pair mass, which in turn allows to study TMD evolution.
We first use a simple model of Gaussian-based TMDs to compute observables
in J/ψ-pair production that are sensitive to the TMDs. These observables are the
transverse-momentum spectrum of the pair, mostly sensitive to the unpolarised gluon
TMD, and azimuthal asymmetries, which existence requires the linearly-polarised gluon
TMD. We see that J/ψ pair production is an ideal process to probe the linearly-polarised
gluon distribution through one azimuthal asymmetry that is maximal at large hard scales.
We also use the LHCb data on the J/ψ pair transverse momentum to fit the average gluon
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transverse momentum using our Gaussian-based model. The large value that is obtained
is interpreted as an consequence of TMD evolution that perturbatively enhances the
intrinsic transverse momentum of the gluon at such large hard scales.
We then improve our predictions by including TMD evolution in the formalism
used to describe the gluon TMDs in our calculations. In this picture, the unpolarised
gluon distribution is a leading contribution in an expansion of the strong coupling,
while the linearly-polarised distribution is subleading. The remaining nonperturbative
component is modelled using a Gaussian. We observe that the computed magnitude of
the azimuthal asymmetries in J/ψ-pair production are lower than when using the purely
Gaussian model. However, we observe that these asymmetries remain sizeable and could
be detected at the LHC. We also provide predictions for Υ-pair production (the Υ is the
bottomonium equivalent of the J/ψ).
We finally study the helicity structure of the quarkonium-pair production amplitude.
Indeed, it can be written as a sum of sub-amplitudes corresponding to various helicity
states of the initial-state gluons and final-state quarkonia. In the high-mass limit of the
pair, the amplitudes greatly simplify and explain how the hard-scattering coefficients of
J/ψ-pair production maximise the size of one azimuthal asymmetry, as previously ob-
served. Moreover, it is shown that the amplitude zero for longitudinally polarised pairs
predicted at leading order in the collinear regime exists as well in TMD factorisation. It
should survive for intermediate masses as hard gluon emissions are suppressed in the
TMD regime.
Samenvatting
De sterke kernkracht werd oorspronkelijk bedacht om te verklaren hoe atoomkernen
bij elkaar kunnen blijven, ondanks de afstotende elektromagnetische kracht tussen de
protonen. Het is een aantrekkende kracht die werkt op protonen en neutronen (ook
wel nucleonen genoemd). Later kwam men erachter dat protonen en neutronen geen
elementaire deeltjes zijn, maar dat ze bestaan uit quarks. Interacties tussen quarks
worden beschreven door Quantum ChromoDynamica (QCD). Quarks hebben een
kleurlading (naast een elektrische lading), die rood, groen of blauw kan zijn. Quarks met
verschillende ladingen trekken elkaar aan en hun interacties worden uitgewisseld door
ijkbosonen die gluonen heten. De sterke kernkracht die de nucleonen bij elkaar houdt is
een overblijfsel van de interactie tussen quarks.
Een cruciaal verschil tussen de sterke en elektromagnetische interacties is dat
gluonen zelf een kleurlading hebben, terwijl fotonen elektrisch neutraal zijn. Een gevolg
hiervan is dat gluonen interacties met elkaar kunnen hebben naast hun interacties met
quarks. Een quark of gluon kan veel laag-energetische gluonen uitstralen, die weer
interacties kunnen hebben met andere quarks en gluonen. Het gevolg hiervan is dat
de sterke koppeling αs groter is op lage energie dan op hoge energie, wat overeenkomt
met kleine schalen (omdat golflengte afneemt met toenemende energie). Dit fenomeen
wordt de running van de koppeling genoemd en dit vindt ook plaats voor de elektromag-
netische koppeling α, maar dan andersom. De sterke interactie wordt zelfs willekeurig
zwak voor oneindig hoge energieën, wat betekent dat quarks en gluonen op deze schalen
geen interacties meer hebben. Dit gedrag wordt asymptotische vrijheid genoemd. Aan
de andere kant wordt de koppeling groter dan 1 voor een energie die laag genoeg is,
waardoor perturbatieve QCD dan dus niet meer vertrouwd kan worden.
Deeltjes die bestaan uit quarks en gluonen worden hadronen genoemd. Er bestaan
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twee belangrijke typen hadronen: mesonen die uit quark-antiquark paren bestaan,
en (anti)baryonen die uit drie (anti)quarks bestaan. Andere typen hadronen, zoals
pentaquarks, zijn later ook ontdekt. Het bestaan van andere exotische hadronen die door
QCD zijn voorspeld, zoals glueballs of exotische mesonen, is nog niet vastgesteld. Quarks
en gluonen zijn beide nog nooit direct geobserveerd. Daarnaast zijn alle hadronen kleur-
neutraal. Dit betekent dat kleur altijd confined blijft binnen hadronen. De quarks in een
baryon hebben elk een verschillende kleur, zodat de totale kleurlading neutraal is. Een
meson bevat een quark met een bepaalde kleur, en een antiquark met de bijbehorende
anti-kleur. Er is geen wiskundige verklaring voor confinement in QCD.
De ontleding van hadronen in een klein aantal quarks wordt de valentiestructuur
genoemd, maar deze beschrijft niet volledig de structuur van hadronen in botsingen.
Deeply Inelastic Scattering (DIS) was het eerste proces dat gebruikt werd om de structuur
van het proton in botsingsexperimenten te bestuderen. Het vindt plaats als een lepton
met een proton botst met een grote momentumoverdracht Q. Hun interactie kan
beschreven worden met perturbatieve Quantum ElectroDynamica (QED), waarbij de in-
teractie wordt overgedragen door een virtueel foton. Het proton wordt hierbij vernietigd,
maar de impuls van het verstrooide lepton kan worden vergeleken met de waarde voor
verstrooiing om informatie te krijgen over het proton. Het foton wordt dus gebruikt als
microscoop: hoe groter Q, des te kleiner de schaal die bestudeerd kan worden.
De DIS botsingsdoorsnede kan in twee delen worden gescheiden. Aan de ene kant
is er op kleine schaal de lepton-quark interactie, ook wel harde interactie genoemd, die
gekarakteriseerd wordt door een grote momentumoverdracht en die met perturbatieve
technieken berekend kan worden: in dit geval een expansie van de overgangsmatrix in
machten van α die klein genoeg is. Het bijbehorende Feynman diagram met de grootste
bijdrage is de uitwisseling van een virtueel foton tussen lepton en quark. Aan de andere
kant kan de onttrekking van een quark aan het proton op grote schaal niet met pertur-
batieve QCD worden berekend omdat de sterke koppeling dan groot is. Maar men kan
de componenten van de interactie op kleine en grote schaal factoriseren, en de laatste
kan met Parton Distributie Functies (PDFs) geparametriseerd worden. Deze functies
zijn waarschijnlijkheidsverdelingen voor het vinden van een quark of gluon met een
fractie x van het momentum van het proton, voor een bepaalde waarde van Q (de naam
parton wordt gebruikt om quarks en gluonen aan te geven). De PDFs beschrijven dus de
structuur van het proton op verschillende schalen en kunnen niet met perturbatieve QCD
berekend worden. In plaats daarvan moeten ze uit experimentele data gehaald worden.
Maar omdat verondersteld wordt dat deze universeel zijn (de verdeling is vermoedelijk
een intrinsieke eigenschap van het proton, onafhankelijk van hoe het wordt bestudeerd),
is het mogelijk botsingsdoorsnedes te voorspellen voor allerlei hadronische processen,
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waarbij de verstrooiing op het niveau van het parton met perturbatieve QCD kan worden
berekend. Omdat de PDFs veranderen afhankelijk van de schaal die wordt bestudeerd,
zullen leptonen op verschillende schaal ook een andere verdeling van partonen in het
proton zien. De factorisatie van de componenten op kleine en grote schaal voor een
bepaald proces moet rigoureus bewezen worden, omdat partonen die onderdeel zijn van
de harde verstrooiing laag-energetische gluonen kunnen uitwisselen met de omgeving,
en zo factorisatie kunnen belemmeren. Voor DIS is factorisatie bewezen. Hierbij is de
enige component van het parton momentum die niet uitgeïntegreerd wordt degene die
collineair is aan het momentum van het oorspronkelijke proton.
Transversaal-momentum-afhankelijke factorisatie wordt gebruikt om hadronis-
che botsingen te beschrijven waarbij rekening wordt gehouden met het intrinsieke
transversale momentum van de partonen in de hadronen. Het gebruik van Transversaal-
Momentum-afhankelijke Parton Distributie Functies (in het Engels afgekort tot TMD-
PDFs of simpelweg TMDs) is nodig om de parton correlator te parametriseren. Zulke
distributies moeten uit experimentele data gehaald worden. Quark TMDs zijn vrij
goed bekend dankzij processen als semi-inclusieve deep inelastic scattering (SIDIS)
en Drell-Yann waarvoor talrijke data beschikbaar zijn. Gluon TMDs zijn nog steeds
slecht bekend, omdat er geen ideaal proces is om deze in huidige botsingsexperimenten
te onderzoeken. De toekomstige Electron-Ion Collider (EIC) biedt veel beter toegang
tot deze TMDs, maar het duurt nog minstens 10 jaar tot de eerste run. Daarnaast is
het belangrijk om TMDs te onderzoeken in verschillende soorten processen om hun
universaliteit te checken, omdat deze niet zo triviaal is als die van collineaire PDFs.
Wij stellen voor om quarkonium paarproductie te gebruiken voor onderzoek naar
de twee leading-twist gluon TMDs die te onderzoeken zijn met botsingen van onge-
polariseerde protonen in de Large Hadron Collider (LHC). Quarkonia zijn mesonen,
gebonden toestanden van een quark-antiquark paar. In het geval van quarkonia bestaat
het paar uit quarks van dezelfde zware smaak: charmonia bestaat uit een charm en een
anticharm, bottomonia bestaat uit een bottom en een antibottom. J/ψ mesonen zijn
de laagst gelegen vector-toestanden van charmonia en worden in grote hoeveelheden
geproduceerd in de LHC. J/ψ paren worden voornamelijk geproduceerd door gluonfusie,
wat een belangrijk proces is om gluon TMD te onderzoeken. Het bestuderen van
eindtoestanden met twee deeltjes maakt het mogelijk om het process op verschillende
harde schalen te bestuderen, wat het mogelijk maakt om onderzoek te doen naar de TMD
evolutie.
We gebruiken eerst een simpel model van Gaussian-based TMDs om observabelen
in J/ψ paarproductie te berekenen die gevoelig zijn voor de TMDs. Deze observabelen
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zijn het transversaal-momentum spectrum van het paar, vooral gevoelig voor de TMD
van het ongepolariseerde gluon, en azimuthale asymmetrieën, die alleen aanwezig zijn
als er een lineair gepolariseerde gluon TMD is. We zien dat J/ψ paarproductie een ideaal
proces is om lineair gepolariseerde gluon verdelingen te onderzoeken via het gebruik van
een azimuthale symmetrie die maximaal is als de harde schaal groot is. Ook gebruiken
we LHCb data van het transversale momentum van de J/ψ paren om het gemiddelde
transversale momentum van het gluon te fitten met ons Gaussian-based model. De grote
waarde die verkregen wordt, wordt geïnterpreteerd als een gevolg van de TMD evolutie
die perturbatief het intrinsieke transversale momentum van het gluon op grote harde
schaal versterkt.
We verbeteren onze voorspellingen daarna door TMD evolutie toe te voegen aan het
formalisme dat we gebruiken om de gluon TMDs te beschrijven. Deze modellen kunnen
het LHCb transversaal-momentum spectrum beschrijven met een intrinsiek transversaal
momentum van het gluon in de sub-GeV regio. Hierbij is de verdeling van het onge-
polariseerde gluon de belangrijkste bijdrage in een expansie in de sterke koppeling,
terwijl de lineair gepolariseerde verdeling een kleiner effect heeft. De niet-perturbatieve
component die overblijft wordt met een Gaussische verdeling beschreven. We zien dat
de berekende grootte van de azimuthale asymmetrieën in J/ψ productie lager is dan
wanneer het volledig Gaussische model gebruikt wordt. Maar we zien ook dat deze
asymmetrieën groot genoeg blijven om te worden waargenomen in de LHC. We doen ook
voorspellingen voorΥ paarproductie (deΥ is de bottomonium equivalent van de J/ψ).
Tenslotte bestuderen we de heliciteit-structuur van de quarkonium paarproduc-
tie amplitude. Deze kan worden geschreven als een som van subamplitudes van de
verschillende heliciteit toestanden van de gluonen in de begintoestand en quarkonia
in de eindtoestand. In de limiet waarbij het paar een grote massa heeft, versimpelen
de amplitudes sterk en verklaren ze hoe de harde verstrooiingscoëfficiënten van J/ψ
paarproductie de grootte van een azimuthale asymmetrie maximaliseren, zoals is
waargenomen. Daarnaast laten we zien dat een amplitude van nul voor longitudinaal
gepolariseerde paren, zoals voorspeld op eerste orde in het collineaire regime, ook in
TMD factorisatie bestaat. Het zou voor tussenliggende massa’s ook moeten blijven gelden
omdat harde gluon emissies onderdrukt zijn in het TMD regime.
Résumé
La factorisation dépendante de l’impulsion transverse est utilisée pour décrire les colli-
sions hadroniques en incluant l’impulsion transverse intrinsèque des partons à l’intérieur
des hadrons. Cela requiert l’usage de distributions dépendantes de l’impulsion trans-
verse (Transverse Momentum-Dependent distributions en anglais ou TMDs). De telles
distributions doivent être extraites de données expérimentales. Les TMDs de quarks sont
relativement connues grâce à des processus pour lesquels de nombreuses données sont
disponibles. Les TMDs de gluons restent peu connues car il n’existe pas de processus
idéal pour les étudier dans les accélérateurs en fonctionnement. Le futur Electron-Ion
Collider (EIC) permettra leur étude de façon beaucoup plus complète, mais sa mise
en fonctionnement n’est pas prévue avant au moins 10 ans. De plus, il est important
d’étudier les TMDs à l’aide de divers processus afin de tester leur universalité qui n’est
pas aussi triviale que celle des distributions colinéaires.
Nous proposons d’utiliser la production de paire de quarkonia pour étudier les deux
TMDs de gluon accessibles dans les collisions de protons non polarisés au LHC. Les
quarkonia sont des mésons, c’est-à-dire des états liés de paires quark-antiquark. Dans
le cas d’un quarkonium, la paire est faite de quarks de la même saveur lourde : les
charmonia combinent un charm et un anticharm, tandis que les bottomonia combinent
un bottom et un antibottom. Les mésons J/psi sont des charmonia de spin 1 et sont
produits en grandes quantités au LHC. Les paires de J/psi sont en grande majorité pro-
duites via des fusions de gluons, ce qui est important pour l’étude spécifique des TMDs
de gluons. L’étude d’états finaux à deux particules permet également de sélectionner
diverses valeurs de l’échelle dure du processus, qui dans ce cas est de l’ordre de la masse
de la paire, ce qui permet de plus d’étudier l’évolution des TMDs.
Nous utilisons d’abord un modèle simple de TMDs gaussiennes pour calculer des
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observables de la production de paires de J/ψ qui sont sensibles au TMDs. Ces observ-
ables sont le spectre de l’impulsion transverse de la paire, principalement sensible à la
TMD de gluon non polarisés, et les asymétries azimutales, dont l’existence requiert la
TMD de gluons linéairement polarisés. Nous utilisons également les données LHCb sur
la production de paires de J/ψ pour extraire l’impulsion transverse moyenne des gluons
dans notre modèle gaussien. L’importante valeur obtenue est interprétée comme une
conséquence de l’évolution des TMDs qui augmente l’impulsion transverse intrinsèque
du gluon via des contributions perturbatives présentes aux grandes échelles dures.
Nous améliorons par la suite nos prédictions en incluant l’évolution des TMDs dans
le formalisme utilisé pour décrire les TMDs de gluons dans nos calculs. Dans ce modèle,
la distribution des gluons non polarisés est une contribution dominante , tandis que
la distribution de gluons linéairement polarisés est sous-dominante. La composante
non-perturbative restante est modélisée à l’aide d’une gaussienne. Nous observons que
la magnitude des asymétries calculées pour la production de paires de J/ψ est plus petite
que celle calculée à l’aide du modèle purement gaussien. Cependant, nous observons
également que ces asymétries restent de taille raisonnable et pourraient être détectées
au LHC. Nous fournissons également des prédictions pour la production de paires de Υ
(leΥ est l’équivalent bottomonium du J/ψ).
Enfin, nous étudions la structure en termes d’hélicité de l’amplitude de production
de paires de quarkonia. En effet, elle peut être décomposée en une somme de sous-
amplitudes correspondant à divers états d’hélicités des gluons incidents et des quarko-
nia produits. Dans la limite de grande masse de la paire, ces amplitudes se simplifient
grandement et expliquent comment la production de paires de J/ψ optimise l’amplitude
d’une asymétrie.
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